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Abstract. We prove that Misiurewicz parameters with prescribed combinatorics and 
hyperbolic parameters with (d — 1) distinct attracting cycles with given multipliers are 
equidistributed with respect to the bifurcation measure in the moduli space of degree 
d complex polynomials. Our proof relies on Yuan's equidistribution results of points of 
small heights, and uses in a crucial way Epstein's transversality results. 
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Introduction. 

DeMarco [Dej proved that, in any holomorphic family of rational maps, the bifurcation 
locus is the support of a closed positive (1, l)-current with continuous potential. In the 
space Vd of complex polynomials (resp. rational maps) of degree d modulo conjugacy by 
affine (resp. Mobius) transformations, this current induces a bifurcation measure which 
may be seen in many ways as the analogue of the harmonic measure of the Mandelbrot 
set when d > 3. This measure was first introduced by Bassanelli and Berteloot [BBlj . 
and detects maximal bifurcation phenomena. Its support is known to coincide with the 
closure of strictly postcritically finite parameters (see jDFllBEllBG2j ) and with the closure 
of parameters having a maximal number of neutral cycles by |BBlj . It is also known to 
have total Hausdorff dimension [G] . 

Our main goal is to prove the equidistribution of postcritically finite parameters to the 
bifurcation measure in Vd for any d > 2. Our technique builds on Ingram's observation [ij 
that Vd carries a natural height function, and our result ultimately follows from Yuan's 
equidistribution result of points of small heights [Yj. We note that the idea of using Yuan's 
result for studying problems on parameter spaces of higher dimension also appeared in a 
recent paper by Ghioca, H'sia and Tucker [GHTj . 

We work with the following "orbifold" parameterization of Vd, see |BH2j . For (c, a) = 
(ci . . . ,Crf_2,a) G C^"^, we set 

(1) Pc,a{^) := + + a', 

where CTj{c) is the monic symmetric polynomial in (ci, . . . , Cd-2) of degree j. Observe that 
the critical points of Pc,a are exactly cq, ci, . . . , Cd-2 with the convention that cq = 0, and 
that the canonical projection vr : C^"^ — > Vd which maps (ci, . . . ,Crf_2,a) S C^"^ to the 
class of Pc,a in Vd is finite-to-one. 

Recall that the Green function of a polynomial Pc,a is a continuous subharmonic function 
defined as the following (uniform) limit: 

5c,a(^) := fim d-"log+|P,^,(z)| , 

where log"*" stands for max{0,log}. The Julia set of Pc,a is characterized by the equality 
J{Pc,a) = <9{(7c,a = 0}. One can show |DF^ §6] that the function 

G{c,a) := max{fl'c,a(co),5c,a(ci), . . . ,5'c,a(cd_2)} 
is a continuous plurisubharmonic (psh) function on C^"^. The bifurcation measure is 
by definition the Monge- Ampere measure of G, that is ^bif '■= {dd'^G)'^~^ . Its support is 
compact and coincides with the Shilov boundary of the connectedness locus Cd = {(c, a) G 
C^~^, iJ{Pc,a) is connected}. It is contained in the set of parameters at which all critical 
points bifurcate. 

Our first result can be stated as follows. 

Theorem 1. For all < i < d — 2, pick a sequence of integers nrik^i > n^^i > such 
that nrik^i — rifc^j — )■ 00 as k ^ 00. Consider the probability measure fi^ that is uniformly 
distributed over all parameters (c, a) G C^~^ s.t. P"'(ci) is periodic iff n > n^^i and its 
period is exactly equal to mk,i — nk,i- 

Then the measures /Xfc converge in the weak sense to as k ^ 00. 
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In plain words, this theorem says that strictly postcritically finite polynomials with 
prescribed combinatorics are equidistributed with respect to the bifurcation measure. Our 
second result deals with postcritically finite hyperbolic polynomials. 

Theorem 2. For each < i < d—2 choose a sequence of integers rrik^i such that m^^i — )• oo 
as —7- oo with nik^i 7^ f^k,] for all i ^ j and all k. Consider the probability measure fi'f, 
that is uniformly distributed over all parameters (c, a) G C^~^ such that ci, . . . c^-i are 
periodic of respective periods exactly 1, . . . , mk ^-i respectively. 
Then the measures n'^ converge in the weak sense to //bif A: — )• 00. 

For quadratic polynomials, this result goes back to Levin |Lev2j (see also jLevlj ). A 
proof of Levin's result based on a one-dimensional equidistribution result of points of small 
height was later given by Baker and H'sia |BHlj . Estimates for the speed of convergence 
of ji'j^ to //bif were then obtained by the first author and Rivera-Letelier |FRLj using the 
idea of Baker and H'sia. 

The set of parameters (c, a) G C^"^ for which Pc^a has a periodic point of exact period 
n and multiplier w is an algebraic hypersurface of C^~^ which we denote by Per*(n, w). 
Bassanelli and Berteloot have studied the distribution of the hypersurfaces Per*(n,tt;) for 
a fixed tt;, as n — ?• 00. In particular, they proved in |BB3j that for all w in the closed unit 
disk, the currents d~"[Per*(n, w)] converge to the bifurcation current as n — ?• 00. In |BB2] . 
they also proved that for any r > the measures 

(d- 1)1(2.)^-. i,.,-. A P^-C'.o). -■"')] - 

converge to the bifurcation measure for a suitable choice of increasing functions /cj : N — )• 
N (compare with [B]). Inspired by the seminal work of Briend and Duval |BD2j on 
the construction of the measure of maximal entropy for endomorphisms of the complex 
projective space, we derive from Theorem [2] an equidistribution result for the sets 

d-l 

Per*(m, u)) := Per*(mj, t/;^) , 

when \ wi\ < 1 for all i. Observe that the union of these sets over all m is known to contain 
the support of the measure, see [HI Theorem 5.2.9]. Namely we prove 

Theorem 3. For each 1 < i < d — 1 pick Wi in the open unit disk, and choose a sequence 
of integers rrik^i such that rrik^i — ?• 00 as /c —t- 00. Assume in addition that rrik^i 7^ inrikj for 
all k and all i ^ j. Then the set Per*(mf,,Wj..) is finite, and the probability measure fi'^ 
that is uniformly distributed over this set is well-defined. 

Moreover the sequence fi'j^ converges in the weak sense to /ibif as /c —t- 00. 

R. Dujardin and the first author obtained in [DF| Theorem 5] the existence of a sequence 
of atomic measures supported on strictly postcritically finite parameters (or critically finite 
hyperbolic polynomials) and converging to the bifurcation measure. Theorems [1] and [2] 
are strengthening of these statements. 

As mentioned above the proofs of Theorems [T] and [2] relie on Yuan's equidistribution 
theorem of points of small height. 

The first problem is to construct a height on the space of polynomials of degree d to 
which Yuan's result can be applied. In technical terms one needs to prove that the height 
is associated with a so-called continuous adelic semi-positive metrized line bundle. To any 
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polynomial Pc,a defined over Q is associated a natural height function h^^a ■ Q ~^ A 
first natural height on the space of polynomials is defined by the formula Yli=o hc.a{ci)- 
This height was used by P. Ingram in op. cit., but it is not associated with a continuous 
metrization. Our first observation is that the slightly modified height maxo<j<(i-2 ^c,a(ci) 
is induced by a continuous adelic semipositive metric, see Sections [T] and [2J Our estimates 
are very close in spirit to the ones given in |GHTj . 

We then need to overcome a second issue. Yuan's result only applies to sequences of 
finite collections of points that are generic in the following sense. For any proper 
subvariety V the proportion of points of lying in V is negligible, or in other words 
limfc Card(Zfc n V) / Card{Zk) = 0. Checking this condition for postcritically finite maps 
constitutes the core of our analysis, and occupies most of Section [5l To do so we rely on 
transversality results describing how the hypersurfaces of parameters where one critical 
point is preperiodic intersect in the parameter space of polynomials with marked critical 
points. We thus use in an essential way the key contributions of A. Epstein as exposed 
in [E f IBE] , In Section |4] we explain how to adapt his arguments to our situation. 

We note that the recent work of Baker and DeMarco |BD1| deals with the (much) 
more delicate problem of characterizing those positive dimensional subvarieties V in the 
parameter space such that Card(Zfc CiV) ^ oo. We shall not rely on their result. 

Another ingredient also appears in the course of the proof of Theorem [TJ Namely, our 
counting of strictly post-critically finite maps is based on the notion of critical portrait 
that was introduced by Fisher [F] and on the continuity result of Bielefeld, Fisher and 
Hubbard [BFH] and Kiwi [K]. 

We observe that Yuan's Theorem also yields equidistribution result at finite places. For 
any prime p > 0, one can replace C by Cp in the statements of Theorems [T] and O the 
completion of the algebraic closure of Qp. The corresponding atomic measures fJ'k,f^'k 
now supported on the analytic Berkovich space associated with A^~^, and converges to 
the same probability measure /ibif,p- 

Our approach relies in an essential way on the compactness of the support of /^bif in 
the space of polynomials. This property is not satisfied by the support of the bifurcation 
measure in the space of rational maps even in degree 2, see |BG11 Proposition 5.1]. The 
equidistribution of postcritically finite parameters in the context of rational maps is thus 
widely open. There is an important literature on bifurcations of rational maps, and we 
refer to [B | \Du\ IM] for more informations on this subject. 

Acknowledgements: we heartfully thank X. Buff for his crucial help in the understand- 
ing of the transversality results of A. Epstein. 

1. At the archimedean place. 

1.1. Basics. 

Pick any (c, a) G C^"^ and consider the degree d polynomial Pc,a as in the introduction. 
Recall that gc,a{z) = if and only if the forward orbit {-P"a(^)}n>o is bounded. The Julia 
set ^c,a of Pc,a Coincides with the boundary of the locus {gc,a = 0}. Moreover Pc,a has a 
connected Julia set if and only if all its critical points have bounded forward orbits i.e. if 
and only if G(c,a) := max{gc,a{co), gc,a{ci), . . ., 50,0(^-2)} = 0. 
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Recall that a polynomial Pc,a is Misiurewicz if all critical points cq, . . . , 0^-2 are prepe- 
riodic to repelling cycles. It is hyperbolic if all critical points eventually lands on the basin 
of attraction of an attracting (or super-attracting) cycle. 

We shall use the following two results that are proved in |BB31 §4]. 

Lemma 1.1. The polynomials Pc,a{ci) G Q[ci, . . . , Cd_2, a] are homogeneous polynomials 
of degree d for < i < d — 2 with no other common roots than (0, . . . , 0). 

For simplicity we write |c| := maxi<j<rf_2 |cj|. 

Proposition 1.2. One can write 

G(c, a) = log"*" max{|c|, |a|} + 0(1) . 

Moreover, for any < i < d — 2, the closure of the set Bi := {(c, a) G ^c'^i gc,a{ci) = 0} 
in P^"^ is equal to Si U {[c : a : 0] e P^"\ Pc,a{ci) = 0}. 

1.2. The bifurcation measure. 

Let uj be the Fubini-Study form on P^-\ defined by w = id(i''log(l + |ap + YyT^ IciP) 
in A^~^ and normalized in such a way that /pd-i oj'^"^ = 1. The mass of a positive closed 
current T of bidegree {p,p) on P^~^ is given by 




Pick any psh function u : Aj^~ — )■ [—00, +00) such that u{c, a) < log"*" max{|c|, |a|} + 0(l). 
Then one can show that the current T = dd'^u extends uniquely to a positive closed (1,1) 
current on P^""*^ that does not charge the hyperplane at infinity Hao := P^""^ \ -'^c"^' ^^^'^ 
satisfies ||T|| = 1. One can also show that if if C is an algebraic hypersurface, then 
\\[H]\\=deg{H). 

For any < i < d—2, the function gi{c, a) := gc,a{ci) is continuous and psh in A^~^, and 
satisfies the upper bound above. Li particular the positive closed (1, 1) current Tj := dd^gi 
extends to P^"^. From this discussion and Proposition 11.21 (see also |DF1 §6]) we get 

Proposition 1.3. For any integer < i < d — 2, Tj extends to a positive closed (1, 1)- 
current on P^"^ of mass 1. Its support Pj is the closure in P^~^ of d{gc,a{ci) = 0} C A^~^, 
and 

r,nH^ = {[c:a:0]e P^-\ Pc,a(Q) = 0} . 

Observe that Tj does not have locally bounded potentials at points on Pj n Hoo, and 
indeed admits positive Lelong numbers there. However it admits continuous potential 
elsewhere and we may thus consider any intersection product of the form Tj^ A . . . A Tj, in 
the sense of pluripotential theory, see e.g. |BT] . 

Proposition 1.4. For any integer < i < d — 1, we have Ti A Ti = 0, and //bif = 
To A . . . A rrf_2 = T^iji where T^f = ^ (Tq + • • • + Td-2) ■ 

We refer to |DH §6 and §7] for a proof. DeMarco has proved that the support of 
the current Tbif coincides with the bifurcation locus of the family (-Pc,a)(c,a)eC'*-i ^^e 
classical sense of Mahe-Sad-Sullivan (see [De] ). 
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1.3. A good metric on the line bundle 0(1). 

Let L — 7- X be any holomorphic line bundle on a complex manifold X. A hermitian 
metric /i on L is a way to assign to each local section a € H^{U, L) over an open subset 
U C X a positive function \a\h ■ U — )• M4. such that \f (y\h = |/| \(y\h for any / € 0{U). 
These functions are also supposed to be compatible under restrictions. In a local chart 
one may write \a\h = \a{z)\e~^^^^ for some real-valued function g. The metric is said to be 
continuous when g is continuous, and semi-positive when g is psh, i.e. when the curvature 
form dd^g of /i is a positive closed (1, 1) current. More generally one can consider semi- 
positive singular metrics. By definition this is an assigment as above given locally in an 
open set U by \a\h = |cj(2:)|e~^'^^^ where g : U ^ [—00, +00) is an arbitrary psh function. 

The line bundle 0{1) — >• IP^"^ determined by the hyperplane at infinity i?oo so that 
any section a on an open subset U of P^"^ can be identified with a meromorphic map 
cr : ?7 — 7- C that has poles of order < 1 along H^q- Using this trivialization a continuous 
hermitian metric on 0{1) is given by a non-negative function g : P^""^ — )■ M U {+00} such 
that g — log \ z\ is continuous on any open set where Hoo = {z = 0}. We shall denote by 
\a\g := |cr|e"^ the associated metric. The metric is semipositive when g is psh on A^~^. 

Proposition 1.5. The metric \ ■ \g is a continuous semi-positive metric on 0(1). 

Our proof is similar to the arguments given in [GHTl § 7]. 

Proof. One needs to show that 

G := G — log"*" max{|c|, \a\} 

extends to a continuous function on P^~^- It follows from Proposition ll.2l that G is bounded 
near infinity. Recall that gk{c, a) := gc,a{ck), T}^ is the extension of mass 1 of dd'^g^ to P^"^) 
and Vj, denote its support. Observe that for any fc, the semi-positive singular hermitian 
metric | • 1^^. is continuous on P^"^ \ T^. since its curvature is zero outside T^. 

Pick any point x S Hoo and choose coordinates near x such that Hoo = {2; = 0}. Pick 
any < i < d — 2, and suppose first that x ^ Tj. Then gi — log \ z\ is pluriharmonic near 
X, hence gi > log |z| — j4 for some constant A. Suppose on the other hand that x G Fj. 
In a neighborhood of x, we have |-Pc,a(ci)| ^ e iiiax{|cfc|, |a|}'^ by Proposition 11.21 and 11.31 
Here e is a positive constant that can be chosen arbitrarily small. By |DF1 Lemma 6.4], 
it follows that 

gi{c,a) = ^gcAPcA'^i)) ^ logmax{|cfc|, |a|} + + 

Shrinking the neighborhood if necessary, we may thus assume that 

G(c, o) = max (7j(c, a) 

near x. It now follows easily that G — log \ z\ is continuous near x. □ 



2. At a non-archimedean place. 

We extend the results of the previous section to a non-archimedean metrized field (K, \-\v)- 
We construct the local Green function gc,a,v in Proposition 12. 4| and give precise estimates 
on Gy (c, ci) — niax-j ^c,a(Q) (Proposition 12. 5p that imply tlia-t tlic line bundlG — y IPjj^ 
can be endowed with a semipositive metric in the sense of Zhang (see §2.3p . 
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2.1. Local Green functions. 

Let K be an algebraically closed field of characteristic zero equipped with a non-archimedean 
absolute value | • |„. 

For any (c, o) E K'^"^, we may consider the polynomial Pc,a acting on K. We first list 
(classical) estimates that will be important in the sequel. 
Again we write \c\v ■= maxi<j<rf_2 \ci\v 

Lemma 2.1. There exists a constant Ot, > 1 such that 

(2) \Pc^a{z)\v < av T^a-x{\c\v,\a\v,\z\y}'^ . 

for any (c, o) G K'^~^ and any z G K. When the residual characteristic of K is greater 
than d + 1, then we may take = 1- 

Proof This follows immediately from ([1]), and the non-archimedean triangle inequality. 
Observe first that 

(3) Wjic)\v < max {|cfe|„y = \c\i . 

I jv /I i<k<d-2 

Whence 

\Pc,a{^)\v < max{|d|-i \z\^, \j\-^ \c\f,~^ \z\i, \a\^} < maxj<d{\j\v^} max{|c|„, |a|„, 
as required, with a„ := maxj<d{| □ 
Lemma 2.2. Write 

C„(c,a) := max^\d\l^^'''~^\\d\l/'^ \a\y,max2<j<d-i \ad-jic)\l^^'^~^^\d/j\l^^'^~^^^ . 
Then for any z G K such that \z\i, > Cv{c,a), we have 

(4) \Pc,a{z)\v = \d\-^\z\i>\z\, . 

Proof. If \z\y > Cy{c,a), we have 



max 

2<i<d-i 



\d\-;;'\Ai 



3 

and the non-archimedean triangle inequality gives |-Pc,a(-2)|j; = \z\'^. Since \z\^ > 
Ifiiy*''' ^\ we have > 1, which ends the proof. □ 

The previous two estimates imply 

Proposition 2.3. Write 

Cv{c,a) := max{|a|„, |c|^,C^(c, a)} , 
and set hc^a,v{z) := log max{ C^(c, a), \z\i,}. Then we have 

(5) d~^hc,a,v o Pc,a{z) > /ic,a,-i;(2:) + min | ^ log | d| ~\ Q - 1^ log (c, a) | 

(6) d~^hc,a,v o Pc,a{^) ^ hc,a,v{z) + ^^Og a^j 

Proof. Suppose \z\y > Cv{c,a). Then ^ implies 

\Piz)U = \d\-^\z\i>\z\y>Cy{c,a) 

hence 

d~^hc,a,v O Pc,ai^) = log \Pc,a{^)\v = log \z\v + log 
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When \z\y < Cv{c,a), then hc^a,viz) = logCy{c, a) and 

d~^hc,a,v o Pc,a{^) > d.-^ logC'„(c,a) = hc,a,viz) + " l) logCy{c,a). 

These two inequahties imply ([5]). 

For the upper bound, suppose again 1^1?; ^ C};(c, o). Xhen ([2|) inipUes |-P(z)|t) ^ 
hence 

log \Pc,a{z)\v < log \z\y + - loga^, = hc,a,viz) + - loga„. 

a a 

If iPcaC-z)!!; > Cy{c,a) then ([6]) is clear. If |-Pc,a(-2)|D < C'd(c, a), then 

d~^hc,a,v o Pa,c{^) = d~^ log Cv{c, o) < log Cv{c, a) < log l^l^ = hc,a,v{z). 

The last case is when \z\v < Ct,(c, a), so that by ([2]) we have 

d~^hc,a,v ° Pa,c{z) < max{(i~^ log Cy{c, a), d~^ logQ;„ + log (7^(0, a)}. 

This concludes the proof. □ 

All these estimates imply the following key 

Proposition 2.4. For any constant C > 0, the sequence of functions d~'^hc,a,v ° Pcaiz) 
converges uniformly on sets of the form {{z,a,c) G K"^, max{|a|^, |c|„} < C}. 
The function 

gc,a,viz) := lim„,_^oo d~'^hc,a,v ° Pc,a{z) 

thus defines a continuous non-negative function on that satisfies gc,a,v ° Pc,a = dgc,a,v 
and{z£K,ga,c,viz)=0} = {zGK,\P^l,{z)\,=O{l)}. 

For the record we also observe that ^ and an immediate induction implies 

V'j 9c,a,v (z) < hc,a,v{z) + logOi, 

a — 1 

The function gc,a,v is called the v-adic Green function of Pc,a- 
2.2. Green function on the parameter space. 

As in the archimedean case, we define gj^y{c,a) := gc,a,v (cj) for < J < d- 2 and 

Gy{c,a) := ma,xo<i<d-2gi,v{c,a). 
Our aim is to prove an analog of Proposition II .51 in a non- archimedean context. 

Recall that the set P'^~^(]K.) of K-points of the projective space can be endowed with 
the following projective metric: 

dwd-i(K){[xo ■ ■ ■ ■ ■ Xd-2\, [xq : . . . : x^„2J) — rn FIT 

mOiX^ I 1 1; nicix^ l^^jlij 

The rest of this section is devoted to the proof of the following result. 
Proposition 2.5. For each n G N, the function 

(8) Hn{c,a) := ^^^^f 2 jt^^"^"^ l^c'!a(cj)lf | - log"*" max{|c|„, \a\y} 

extends to a continuous function on P'^^^(]K), and the sequence Hn converges uniformly 
to Gy — log"*" max{|c|t,, \a\y} on W^~'^ . Moreover, we have Gv{c,a) = log"*" max{|c|t,, \a\v} 
when the residual characteristic of K is larger than d + 1. 



DISTRIBUTION OF POSTCRITICALLY FINITE POLYNOMIALS 



9 



Proof. Suppose first the residual characteristic of IK is larger than d+1. Then = 1, and 
Cy{c,a) < max{|c|t,, |a|t,} hence Ct,(c, a) = max{|c|„, |a|„}. Suppose that max{|c|t,, |a|t,} < 
1. Then by induction ([2]) implies |P"^(c.j)|t, < 1 for all n and for all < z < d — 2, hence 
Gy{c, a) = 0. 

Conversely assume max{|c|^, |a|i,} > 1. Suppose \ci\y = max{|c|t,, \a\v} for some 1 < i < 
d—2 (the case \a\y > |c|^ can be treated analogously). Then \ci\y > Cy{c, a) and ([H) implies 
by induction that |-P"a(cj)|i, = |ci|^", hence gc,a,v{ci) = log \ci\y. For any j / i, we also have 
\Pc,aicj)\y < \ci\y" by ^ whence Gy{c,a) = gc,a,v{ci) = log|cj|^ = log+ max{|c|„, |a|„} as 
required. 

To prove the other statements, we shall need the following lemmas. 

Lemma 2.6. There exists a constant Cy > such that for all < i < d — 2, and for all 

C > 1 and e > such that C^e > max{l, CyC}, then we have 

1 

(9) ^log|P-+i(c.)|. = ^log|Pc,a(Q)|. - (Y^d-') log\d\y 
on the open set 

Ui{e,C) := |(c, a) e max{|c|„, |a|^} > C, \Pc,a{ci)\y > e max{|c|„, lal^l^^j . 

In particular, 

(10) gc,a,v{<^i) = 3 log \Pc,a{(^i)\v " \d\v > 

d d — I 

and ^log|Pc"a(cj)U 

9c,a,v{ci) uniformly on Ui{£,C). 

Lemma 2.7. Pick C > 1 and e > such that C^e > max{l, Ct,C} as above. Then for 
any < i < d — 2, we have 

1 lo (y. 

(11) 5c,a,t;(ci) < log max{|c|„, |a|„} + -log e + 



d ° d{d-l) 
for any (c, a) ^ Ui{e,C) with max{|c|t,, |a|t,} > C . 

Lemma 2.8. Pick C > 1 and e > such that C^e > max{l, CyC} as above. For any 
two distinct indices < i, j < d — 2, then max{|P"„(ci)|t,, |P"£j(cj)|^,} = \Pc,a{(^i)\v for all 
n > 1, and all (c, a) G Ui{a'^e,C) \ Uj{e,C). Moreover 

log max{ I (ci ) k J Pc,a (cj ) 1 4 ^ max{5(c,a,« (q ) , gc,a,v {Cj ) } 
uniformly on Ui{aye,C) \ Uj{e,C). 

Lemma 2.9. There exists a constant (3y < 1 such that for any (c, a) G K"'""'^, one has 

max \Pc^a{cj)\v > Pv'aiayi{\c\y,\a\y}'^ . 
0<j<d-2 ' ' ^ 

In other words, we have 

[j U,ie,C) = {ic,a)£K'^-\max{\c\y,\a\y}>c} , 

0<i<d-2 

for any C > 1 and any < e < 
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We shall first prove that maxo<j<(i_2 log"*" |PJ^(j(ci)|^} converges uniformly to G^. 
Pick C > 1 and e > such that f3^ > e > C^C^''^, and C^e > 1. 

On the set B := {(c, a), max{|c|^, |a|.u} < C} then Proposition 12.41 implies that hn ■= 
^ log max{C'^(c, a), \Pca{^i)\v} converges uniformly to gc,a{ci) for all < « < c? — 2. Now 
observe that < Cy{c,a) < CC^ is uniformly bounded on B, whence 



sup 

B 



<i^log(Ca)^0 



It follows that ^ log"^ maxj{|P"a(cj)|t,} converges uniformly to Gi, on B. 

Lemma 12.91 implies that the complement of B is covered by the open sets Uj^j := 
UiUi{a'^£, C) \ U jUj{e, G) where /, J range over all subsets of {0, . . . , d — 2} such that 
/ n J = and / U J = {0, . . . , (i - 2}. Lemma ESI shows that 

uniformly on f7/,j. This proves ([8]) since in view of (fTOl) . gc,a,v{ci)\ui j > for any i G I, 
hence maxjg/ ^ log \Pc,aici)\v = maxjg/ ^ log+ |-P"a(cj)k for n large enough. 
We next prove that 

Hn := max log+ |-P"a(ci)k' " fog"^ max{|c|^, |a|^} 

a 0<i<d-2 ' 

extends continuously to P'^~^(K.). Since all polynomials Pcai^i) are homogeneous of degree 
d", the function 

maXo<i<d_2 I -Pc"a(cj)k 

(c, a) ^ Mill .rfn — 

max||c|„, 

is well-defined on P^~^(]K) and continuous. It follows that to prove that Hn extends 
continuously to P'^~-'^(K), it is sufficient to check that it is bounded from below near -f^oo- 
On any open subset U[j as above, Lemma \T8\ and dH) imply 

^ri+i = -j:^ ^axlog \P^;^^{ci)\^ -log ma.x{\c\^,\a\^} = 

1 ""^ 1 

- max log I Pc,a(ci) It, - logmax{|c|t,, |a|„} d~'' log\d\y > - loge 

1=0 

as required, since \d\y < 1. 

We have thus proved that Hn is a sequence of continuous functions on P'^~^(]EC) that 
converges uniformly to G^ — log^ max{|c|t,, \a\v}, hence the latter function is continuous. 
This concludes the proof of Proposition 12.51 □ 

Proof of Lemma \2.6l We begin observing that 

C„(c, a) < Gy max{|c|^, \a\^} 

for some constant G^ > depending only on d and v. 
For any (c, a) £ U := Ui{e, C), we have 

Gy{c,a) < Gy max{|a|^,, |c|t,} < Ct,C^~'^ max{| 

Whence dH implies 

\Pc:aiPcAc^))\v = \d\-'--''"-' \Pc,aic^)\T 
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for all n if CyC^~'^e~^ < 1, in which case gc,a,v{ci) = 2 log \Pc,a{ci)\v — ^i^r log \d\i, follows 
from the functional equation gc,a{ci) = d~^gc,a{Pc,a{ci))- By assumption C^e > 1, hence 
\d\^ < 1 implies gc,a,v{ci) > ^ log \Pc,a{ci)\v > log(eC"^) > 0. □ 

Proof of Lemma \2. 7\ By ([7]) , we get 

gc,a,v{Ci) = 29c,a,viPc,ai'^i)) < ^ log max{| Pc,a (Cj) k , (c, a)} + ^^^^ log . 

Now replacing Cy by greater constant if necessary, we have Cy{c,a) < C^max{|a|^, \c\y}, 
so that 

log ay 



gc,a,v{ci) < ilogmax|emax{|a|„, |c|i,}'^,C^max{|a|„, |c|i,}| + 



d{d-l) 



< logmax{|a|t,,|c|t,} + max<! -loge,(l - -)logC+ -logcl + 



d ^ d'^ ' d ^ "} ' d{d-l) 

since (c, a) ^ Ui{e,C), max{|a|„, |c|t,} > 1 and C > 1. By assumption we have loge > 
(1 — d) log C + log Cy whence 

gc,a,v{ci) < logmax||a|^, \c\y} + - loge + 



d{d-l) ■ 

This concludes the proof. □ 
Proof of Lemma [27R On Ui{aye, C) \ Uj{e, C) we have 

\PUc,)\y = \PcAci)C Idly'--""'" > {ater-^ max{|c|., |a|4'^" 1^1.-'--'"" 
by dH) and 

|^'"a(ci)k. < ai+-+'^"~'e'^""' max{|c|^,|a|4'^" 
by iterating ([2]) and using max{|c|,u, |a|„} > C hence e max{|c|„, |a|,u}'^ > max{|c|^,, |a|„}. 



It follows that 



\Pc,a{^j)\v 

The uniform convergence then follows from Lemma 12.61 □ 

Proof of Lemma [27d{ . Let Z C ]K[ci, . . . , Cd~2, o] be the ideal generated by the homogeneous 
polynomials {Pc,aici)}o<i<d-2- By Lemma fl.ll these generators have no common zero other 
than (0, . . . , 0), hence a/X = (ci, . . . , Cd_2, a) by the Hilbert's Nullstellensatz. 

In particular, there exists m > d and for 1 < i < d — 2, homogeneous polynomials 
QiJ = T.\i\=m-d HjJ^'i ■ ■ ■ ^d-i ^ Q[^ii • • • ' Xd~i] of degree m-d such that 

cT = ^Qij(c,a)Pc,a(Cj) . 
j=0 

We thus have 

(12) < Cq •max{|c|^-Ma|:;^-'^}^max_jPe,a(c,)|„, 

for any 1 < i < d — 2, where Co = maxo<i.j<d-2, \qi j /L. Observe now that a'^ = Pcaico), 

|/|=m-d ' 

hence [12] gives 

maxl |c|^, |a|^i < max \Pc,aicj)\y, 
with := max{l, Cq}. □ 
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2.3. Semi-positive continuous non-archimedean metric. 

We refer to |CL2j for the material of this section. We assume that (K, | • 1^,) is a non- 
archimedean local field of characteristic zero, i.e. a finite extension of Qp and let IfC^ be 
its ring of integers. 

Let us first recall how to define the K-analytic space in the sense of Berkovich associated 
with P^~^- The projective space is obtained by patching together d copies of the affine 
space, and in a similar way its K-analytic avatar Pj^""^''^'^ is obtained by patching together d 
copies of the space of multiplicative semi-norms on ]K[xi, . . . , x^-i] extending the norm on 
K endowed with the topology of the pointwise convergence. The space W'^'^'^^ is compact 
and Hausdorff. Itis naturally endowed with a structural sheaf of analytic functions 0^_i. 

A line bundle on Pj^"^'**"^ is a rank 1 invertible coherent sheaf. For any hyperplane H, 
and any k € Z the sheaf of local meromorphic functions whose divisor is > —kH defines 
a line bundle 0{k). Global sections of 0{k) are rational functions on P^~^ whose divisor 
is > —kH, and the vector space of all sections of 0{k) can be identified with the space of 
homogeneous polynomials of degree k. Any line bundle on a projective space is isomorphic 
to some 0{k). 

By definition a (continuous) metric on 0{k) — )• Pj^"^'^"^ is the data for each local con- 
tinuous section s of 0{k) defined on an open set f/ of a continuous function ||s|| : U — )■ M+ 
such that = ||s|| for all analytic function /, and = iff s{x) = 0. We also 

impose natural compatibility conditions for these functions with respect to restrictions. 

Just as in the archimedean case, any non-negative function g : P^~^ — t- MU {+00} such 
that g — log \z\v is continuous on any open set where H^o = {z = 0} induces a metric \ -{g 
on 0(1) such that for any degree 1 homogeneous polynomials Q viewed as a global section 
of 0(1) as above one has \Q\g = \Q\ve~^. 

A model of the line bundle 0{k) — )■ P^""'^''^" over IfC*^ is the choice of 

• a normal K^'-scheme X that is projective and flat over SpecIC'^, and has generic 
fiber isomorphic to Pj^""^'**"^; 

• a hypersurface of X whose generic fiber is equal to kH. 

Any such model determines a metric on 0{k) as follows. We cover X by affine charts 
iii = Spec Bi for some finitely generated K'^-algebras Bi such that the set Ai C Pj^"^''^'^ 

of bounded semi-norms on Bi IC forms a (closed) cover of P^~^''^°. We also choose 
hi S Bi determining on ilj. Observe that for any other choice h'- we have \hi/h'-{x)\^ = 1 
on Ai. It follows that we may define in a unique way a continuous metric by setting 
|ct|^(x) := \ahi{x)\v for any section a of 0{k) and for any x £ Ai where ahi is viewed as 
an element of Bi K. 

A semipositive model metric | • | on 0{k) is by definition a metric such that we can find 
an integer e > 1 and a hypersurface that is nef over Spec IK'' and whose generic fiber 
has degree ke and satisfying \a\ = \(t'^\]^'^ for any local section a of 0{k). By definition a 
semipositive metric is a uniform limit of semipositive model metrics. 

The projective space P^~^ admits a canonical model P|^^"^ over IK'' with affine charts of 
the form 

SpecK^f^,...,^,^,...^" , 
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where [zq : . . . : z^-i] are homogeneous coordinates. For k > the hypersurface [zq = 0] 
is nef over SpecK*^, and the induced semipositive model metric | • |nv on 0(1) satisfies 

(13) IQInv := ji i'^'" I ^ , 

max{|zo|j,, . . . , \zd-i\v} 

for any homogeneous polynomial of degree 1. Observe that with the above notation 

I • Inv = I • Ig with g = log+max{|xi|„ , . . . , where Xj = ^. 

More generally, for any choice of d homogeneous polynomials Pq, . . . , Pd~i of degree 

q > I such that no<i<d-ii^~^(0) = (0) we get a natural metric on 0{l) by setting 

|n|-.= \Qk 

max{|Poiy'',...,i^'d-iiy''} ■ 

Here we have \-\p = \- \g with g = i log maxo<i<d_i ||Pi|i,(l, xi, . . . ,Xrf_i)|. 
Lemma 2.10. The metric \ ■ \p is a semipositive model metric. 

Proof. Choose homogeneous coordinates and set F[z] = F[zo : . . . : z^-i] ■= [Po{z) : . . . : 
Pd-i{z)]. This defines an endomorphism F : P^~^ — ;> P^~^ of degree q. We have a natural 
commutative diagram 

F*0{1) ~ 0{q) ^O(l) 

md—l F prf— 1 

and pulling-back the metric | • |nv on 0(1) by F gives a metric | • 1^, on 0{q) given by 

^''^ ■= npi"^'" ,5 I , 

maxjlPok, • • • , \Pd-i\v} 

for any homogeneous polynomials Q of degree q. 

Now choose any model X of lP|g~^ such that the map F induces a regular map : X — )• 
P^o^. For instance one may take X to be the normalization of the graph of the rational 
map Pjpi)"^ ^Ko^ induced hy F. It follows that the metric | • |* is equal to the model 
metric associated with the pull-back by ^ of the hyperplane [zq = 0] in P^o^ Since the 
nefness property is preserved by pull-back it follows that | • |* is semipositive which implies 
the result in view of (1131) and (1141). □ 



We now come to the non-archimedean analog of Proposition 11.51 

Proposition 2.11. The metric \-\Gy is o, continuous semi-positive metric on 0(1) — t- Pk "*^. 
Moreover, | • |g„ = I " Inv when the residual characteristic o/IC is larger than d+1. 

Proof. It follows from Proposition 12.51 and the definition of a semi-positive metric that it 
is sufficient to check that the metric | • is a semipositive model metric on 0(1) where 
gn '■= maxo<i<d_2 log^ I -P"a(c«) I !>}• Observe that -P"a(cj) are polynomials of degree 
that satisfy 

^cA^^) = ^l+...Vi -Pc,a(c.)'^""+Q(c,a) . 

with deg{Q) < d^. We now pick homogeneous coordinates [zq : ... : Zd-i] such that 
[1 : c : a] is identified to (c, a), i.e. Cj = Zi/zQ for 1 < i < d — 2, and a = Zd^i/zQ. Set 
Pd-i := 4", and Piizo, Zd-i) := z^P^Ja) for < i < d - 2. 
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The {d — 1) polynomials Pj are homogeneous of degree in the Zj's. Their common 
zeroes in IP|^~^ is the intersection of no<i<d-2{^c,a(ci) = 0} with the hyperplane at infinity 
which is empty by Lemma [1 .11 In other words, no<i<d-i-Pj~^(0) = (0) in IC^ and it follows 
from Lemma 12.101 that | • |p is a semipositive model metric. 

Since by definition | • |p = | • |g„ the proof is complete. □ 

3. The bifurcation semipositive adelic metric and height function. 

Let us briefiy review the setting for Yuan's theorem. 

3.1. Semipositive adelic metrics. 

We let K be any number field and denote by Mk the set of its places, i.e. of its multi- 
plicative norms modulo equivalence. In each equivalence class v £ Mk, we pick a norm 
\ ■ \v normalized in the usual way such that the product formula I'^I"" ~ ^ holds for 

any x £ K, see |HS] . Here n„ > 1 is the degree of the extension of complete normed fields 

We let be the completion of K with respect to any place v E Mk, and write for 
the completion of the algebraic closure of Ky. 

Now pick any projective variety X over K and let L — )■ X be any ample line bundle. 
To simplify notation for any v G Mk we write for the analytic variety induced by 
projective variety induced by X over K^. This analytic variety has to be understood in 
the sense of Berkovich when v is a finite place. Similarly we denote by Ly the line bundle 
induced by L on Xy. 

A semi-positive adelic metric on L — t- X is the data for each place v G Mk of a semipos- 
itive continuous metric on the induced line bundle Ly — t- Xy in the sense of Sections 11.31 
and 12.31 These metrics are subject to the following conditions: 

• for any archimedean place such that Ky = C, the metric | • |„ is invariant under 
conjugation; 

• there exists a model £ — t- X of L — t- X over the ring of integers of K such that 
for all finite places v except for a finite number of exceptions, the metric | • |^ is 
induced by the model £y — )• Xy over the ring of integers of Ky. 

Recall from Sections 11.31 and 12.31 that for any v E Mq, the function 

Gy{c, a) = max{gc,a,vici), < i < d - 2} 

on Cy~^ induces a natural metric | • on 0(1) — t- IP^"^- 

The next result immediately follows from the definitions and Propositions 11.5 1 and 12. 1 ll 

Theorem 3.1. The collection of metrics {| • Ig^I^sMq induces a semipositive adelic metric 
onO{l)^F^^-\ 

3.2. The bifurcation height function. 

Let L be any semipositive adelic metric on an ample line bundle L — t- X over a projective 
variety X of dimension d — 1 over a number field K. Such a metrization induces a height 
function hi on X{K) by setting for any x £ X{K), 

^i(^) •= A ^( \ 51 51 -log|o-(2;)|„ 
deg(x) ^ ^ 
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for any section a of L which does not vanish on 0{x), where 0{x) is the orbit of x under 
the action of Ga\{K / K) and deg(rE) is the order of 0{x). 

The most basic height that can be obtained from a semipositive adehc metric on — )• 
Pq~^ is usually referred to as the naive height. This height is induced by the adelic 

semipositive metric {| • \nv,v}v£MQ described in Section [2?3l For any point x G we 
have the following expression: 

hnv{x) = \ , V V log+ \z\y > , 

deglj;) ^ 

with the convention \z\y = \{zi, . . . ,Zd)\v ■= niax{|zj|„}. 

For any polynomial Pc,a with (c, a) G K'^~^ for some number field K, one can then define 
a height function hp^^{x) := lim„^oo ^^nv(-P"a(^))- It is also a non-negative function, 
and it satisfies the invariance property hp^^ o Pc^a = dhp^^. The Northcott property 
implies that {hp^^ = 0} coincides with the set of points with finite orbit, or in other 
words with the set of all preperiodic points. Moreover, the following formula holds 

^ vGMk z£0{x) 

for any x G Q. 

Theorem 3.2. Let /ibif : P'^^"'^(Q) — >■ M 6e the height function induced by the semipositive 
adelic metric given by Theorem \3.1\ Then for any {c,a) G Q'^~^, we have 

(15) hUc,a) = ^^Yl E G.{z), 

where 0{c, a) is the orbit of{c, a) under the action o/Gal(Q/Q) and deg(c, a) is the order of 
0{c,a). In particular, hu{{c,a) > 0, sup^d-i |/ibif— ^nv| < oo, /ibif < /iingram < {d—l)h]^if, 
and /ibif (c, a) = iff Pc^a is poster itically finite. 

Here we let /iingram(c, a) := X^o~^ hp^^{ci) be the height function used by P. Ingram [I]. 

Remark. The set of postcritically finite polynomials with postcritical set of cardinality 
bounded from above is defined by polynomial equations with rational coefficients. It is 
hence an algebraic subvariety defined over Q. This set is known to be zero dimensional 
hence finite since it is included in {Gc„ = 0} for any place v G Mq and the latter set 
is bounded by Propositions 11.21 or 12.51 In particular when Pc,a is postcritically finite 
then c, o G Q'^~^. We refer to the recent paper by A. Levy jLevSj for an extension of 
this result to the positive characteristic case. As observed by P. Ingram, the estimate 
supQd-i I /ibif — /inv| < oo and the Northcott property implies a stronger statement, see [U 
Corollaries 2,3]. 

Proof. The equation (jl5p follows from the definition by taking a section of 0(1) that 
vanishes along Hoo- Since G^, > for all v, we also have /ibif ^ 0. 

The difference between /ibif and the standard height function is uniformly bounded since 
— log"^ max{|c|, |a|} is bounded for each place v and equal to if f is finite and large 
enough. 

Since G„ > at all places, it follows that G^,(c, a) = max{ (/c,a(ci)} < Yli9c,a,v{ci) < 
(d - 1) Gy{c, a), whence hui < /lingram < (d - 1) /ibif- 
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Suppose /ibif (c, a) = 0. Then /iingram(c, a) = 0, hence hp^^{ci) = for all i. By 
Northcott's property, q is preperiodic. Conversely for any postcritically finite polynomial 
with (c, a) G Q'^~^ and for any place the orbit of each critical point is bounded hence 
Gy{c,a) = max{gc,a,vici)} = 0, and /ibif(c,a) = 0. □ 

3.3. Yuan's equidistribution Theorem. 

Let L be any semipositive adelic metric on an ample line bundle L ^ X over a projective 
variety X of dimension d — 1 over a number field K. Recall that all analytic spaces X^, 
are compact for any archimedean and non-archimedean places v S Mk- 

It is possible to define for each v a positive measure ci{L)f~^ on Xy. In the archimedean 
case, in a local trivialization where the metric can be written under the form | • \e~^ with 
g psh and continuous then ci(L)^~^ is equal to the Monge- Ampere measure {d(F)'^~^g. 
In the non-archimedean case, the construction is more involved and we refer to |CLlj for 
detail. 

We say that a sequence of 0-dimensional subvarieties Zm C X that are defined over K 
(or equivalently finite sets that are invariant under Gsl{K / K)) is generic if for any divisor 
D C X defined over K then Zm H D = for all m large enough. It is called small if 
hiiZm) := card(z^) Exsz^ hi{x) tends to as m ^ CO. 

We can now state the following slight generalization of Yuan's theorem. 

Theorem 3.3 ([Y]). Let K be a number field, X be a projective variety over K of di- 
mension d — 1, L — )• X an ample line bundle over X equipped with an adelic semipositive 
metric. Let Zm C X{K) be any zero- dimensional subvariety defined over K which is 
generic and small for the height hi. 
Then, for any place v G , we have 

Card(Zm) ^ deg(L) 
on Xy in the weak topology of measures. 

4. Transversality of critical orbit relations in Poly^. 

This section is devoted to transversality results in the family Poly^ of all polynomials. 
This section is an application of Epstein's general theory [E] to our context. We follow 
closely |BEj and adapt it to our situation. 

4.1. The family Poly^ of all polynomials. 

The space Poly^ of all polynomials of degree d is a complex manifold of dimension d + 1 
which is isomorphic to C* x C^. We denote by C{P) C C the critical set of a polynomial 
P, and by V{P) its postcritical set, i.e. 

V{P) = U P"(C(P)). 

n>l 

A simple critical point is a point c G C for which P'{c) = and P"{c) ^ 0. Suppose 
P G Poly^ has only simple critical points. Then there exists a neighborhood Vp C Poly^; 
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and (d—l) holomorphic functions cq, . . . , Cd-2 '■ Vp — > C such that {cq{Q), . . . , Crf_2(Q)} = 
C{Q) for all Q£Vp. 

The group Aut(C) = {az + 5, a G C*, 6 G C} of affine transformations acts on Poly^ 
by conjugacy. We shall denote by 0{P) the orbit of P € Poly^ under this action. It is a 
(closed) complex submanifold of Poly^ of dimension 2. 

4.2. Vector fields and quadratic differentials. 

Vector fields. A tangent vector to Poly^ at P is an equivalence class of holomorphic 
maps (/) : D — 7- Poly^ such that (j){0) = P under the relation ~ iff (/)'(0) = V''(0)- The 
vector space of all tangent vectors at P is denoted by Tp Poly ^. 

A tangent vector Q E Tp Poly^ can be identified to a section of the line bundle P*(TP^), 
where TP^ denotes the tangent space of the Riemann sphere. Concretely we view ^ as a 
holomorphic function z G C i— )• ^(-z) G Tp^^^C that extends to oo and vanishes there. To 
any tangent vector C, G Tp Poly^, we may thus attach a rational vector field on with 
poles included in C{P): 

7]^{z) := - D,P-^ • C(^) G T,C. 

It vanishes at infinity, and when P £ Poly^; has only simple critical points, then r]^ has 
only simple poles. 

A vector field on a finite subset X C C is a collection of tangent vectors 9{z) £ T^C for 
any z G X. We denote by T{X) the space of all vector fields on X. 

Observe that if is a vector field defined on P{E) with £' C C \ C{P), then we can 
define a vector field P*9 on X by setting for any z G X 

P*9{z) := D^P-^ -eiPiz)). 

Lemma 4.1. Let 9 be any holomorphic vector field defined in a neighborhood of P{c) G 
P{C{P)). Then P*9 is a meromorphic vector field in a neighborhood of c, and 9{c) = iff 
9{P{c)) = 0. When c is a simple critical point, then P*9 has at most a simple pole, and 
its constant and polar parts only depend on 9{P{c)). 

Proof. In suitable coordinates at c and P{c), we may write w = P{z) = z^ . If 9{w) = 
(a + wb{w))-^, then P*9{z) = \{a + z^h{z^))z^~^ -§^. When c is simple, then k = 2 and 
the result follows. □ 

Quadratic differentials. Recall that a quadratic differential is locally given by a{z)dz^ 
with a holomorphic. For any finite subset X C C, we denote by Q{X) the space of 
meromorphic quadratic differentials on P^ with at most simple poles in X U {oo}. It 
follows from Riemann-Roch that dimQ(X) = max{Card(X) — 2,0}. 

If g G Q{X) and is a holomorphic vector field defined in a neighborhood of x G X, 
the product q<^ 9 := q{9, •) is well-defined as a meromorphic 1-form. 

Now pick q G Q{X) and any vector field r G T{X), and choose a holomorphic vector 
field in a neighborhood of X such that 9\x = t. Since q has at most simple poles by 
definition, the residue at x oi q®9 only depends on 9{x). We can thus define the following 
pairing: 

(g, r) := ^ ReSa;(g r) = ^ Resx(g ® 9) 
xex x&x 
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Any postcritically finite polynomial P G Poly,^ induces an operator on Q{V{P)). For 
any quadratic differential q G Q{V{P)), for any ^« G C and any xi,X2 G T^F^, we set 

{P,qU{xi,X2) := Yl qz{D,p-^ ■xi,D,P~^ ■X2) . 

P{z)=w 

In this way we obtain a meromorphic quadratic differential P^q on P^, and it is not difficult 
to check that P^q G Q(V{P)). 

A key result from |BE1 lE] states that the linear operator 

Vp := id-n : QiViP)) Q{V{P)), 

is bijective. 

4.3. Guided vector fields. 

Following [be], we characterize those tangent vectors in Tp Poly^ that are tangent to 
0{P). First we introduce the notion of guided vector fields. 

Definition 4.2. We say that a vector field r G T{V{P)) is guided by C, ^ Tp Poly^ if 
T = P*T + r/^ on V{P), and t o P = ( on C{P). 

Some explanations are in order. The equality t o P = Q means that t[P{z)) = Q{z) in 
rp(^)C for all z G C{P). The vector field P*t is well-defined at each point z G V{P)\C{P). 
At a point z G V{P) nC(P), it follows from Lemma l4.ll that the constant term and the 
polar part of P*t is well-defined. The equality r = P*t + ry^ says that the constant term 
and the polar parts of both terms are identical. 

Our aim is to show 

Proposition 4.3. Let P G Poly^ be a postcritically finite polynomial with simple critical 
points, and not conjugated to z ^ z^ . Pick C G Tp Poly^. 

Then C, G TpO{P) iff there exists a vector field r G T{V{P)) that is guided by C- 

Proof. Suppose ( G TpO{P), and pick a holomorphic map : B — )■ Aut(C) with ^j(O) = id 
such that (^'{O) = C with (p = o P oijj. Write ^ := ip'i^)- A direct computation yields 

az) = D,p-i{z)-ap{z)) 

At a critical point this equation implies ^ o P = C,. Pulling back by P, we also get 
^ = P*^ + TjQ everywhere on P"^. We conclude by setting r := '^|p(p). 

For the converse statement we shall rely on the 

Lemma 4.4. Let 9 be any holomorphic vector field defined in a neighborhood ofV{P). Lf 
T := ^|-p(p) is guided by some C G Tp Poly^, then P*9 + is holomorphic near C{P). 

Lemma 4.5. Let P G Poly^ be postcritically finite with simple critical points. Assume 
that T G TiV{P)) is guided by C & TpPoly^. Then, for all q G Q(V{P)), we have 

(Vp(/,t) = 0. 

Since Vp is invertible, this Lemma ensures that ((/, r) = for all q G Q{V{P)). Extend 
r to a vector field on V{P) U {00} by setting t(oo) = 0. Then {q, r) = continues to hold 
for all q G Q{V{P)), and |BEt Lemma 7] implies that r is the restriction of a globally 
defined holomorphic vector field 9 to P^ that vanishes at 00. 

Since r is guided by Lemma 14.41 implies that P*9 + t]/^ is holomorphic on P^ and 
vanishes at 00. When P(-P) has at least 2 distinct points, 9 = P*9 + 77^ on V(P) U {00} 
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implies the equality everywhere on P^. We then conclude by applying |BE1 Proposition 
1]. Since P is supposed to have only simple critical points, Card(7'(P)) = 1 implies d = 2 
and the critical point is fixed. Whence P is conjugated to z^. □ 



Proof of Lemma \4-4[ Since c is a simple critical point, we can choose coordinates z at 
c G C{P) and w at P{c) such that w = P{z) = z^. Write C,{z) = (o + 0{z))^, so 
that ric_{z) = -D^P-^ ■ ({z) = (-^ + 0{z))-§^. Since r = 6'|p(p) is guided by C, we 
have e{P{c)) = r(P(c)) = C(c) = a^. Whence e{w) = (a + 0{w))^, and P*e{z) = 
^{az~^ + 0{z))-^, see the proof of Lemma liTTl We conclude that P*6{z) + = 0{z)-§^ 
is holomorphic. □ 

Proof of Lemma |^.5[ . Let be a holomorphic vector field defined in a neighborhood of 
V{P) which coincides with r on V{P). Let q G Q{V{P)), then 

(P,g,r) = Res^((ng)®r) = ^ Res^((P,(7) 0). 

x^V{P) xeV(P) 

Since is meromorphic on with poles in C{P), the 1-form !]( is also meromorphic 
on P^ with poles in V{P) UC(P) and the sum of its residues vanishes. Applying the change 
of variable formula, we get 

(17) {P,q,T)= Yl R^s.x{q(E)P*e)= ^ Res,(g ® + r?^)). 

xev{P)uc{P) xeP{P)uc{P) 

Now, since r is guided, P*9 + t/^ = P*t + r/^ = t on V{P), and P*6 + r/^ is holomorphic 
in a neighborhood of by Lemma 14.41 This gives {P.^q,T) = {q,T), which ends the 

proof. □ 

4.4. Transversality at strictly postcritically finite parameters. 

Pick any strictly postcritically finite polynomial P with simple critical points, and choose 
a neighborhood Vp C Poly^ of P with holomorphic functions cq, . . . , Cd-2 : Vp — t- C such 
that {co(Q), . . . , Cd„2(Q)} = C(Q) for ah Q G Vp. 
For any < i < d — 2, choose nii > Ui > 1 such that 

p-.(c,(P)) = P«»(c,(P)). 

Observe that this implies the point P"''-{ci{P)) to be a periodic point for P of period 
dividing — n^. We thus define the following holomorphic maps n,m : Vp C Poly^ — > 

n(Q) := (Q"o(co),...,g-.-2(c^_2)) and m{Q) := (Q-« (cq), . . . , Q'^'^-^Crf-a)), 
and adapt the arguments of jBEj to prove the following 

Theorem 4.6. Suppose P £ Poly^ is strictly postcritically finite with simple critical 
points. Assume moreover that 

(1) the orbits of the critical points are disjoint: for any two critical points ci 7^ Cj then 
P>'{ci) ^ P^{cj) for allk,l>0; 

(2) for each i, P'^{ci) is periodic iff n > Ui and its period is then exactly equal to 
m - m. 

Then we have 

ker(Dpn - Dpm) = TpO{P). 
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Corollary 4.7. Under the same assumptions as in the previous theorem, the {d— 1) local 
hypersurfaces {Q, Q"^^{ci) = Q"'(cj)}o<i<d-2 are smooth at P and transversal. 

Proof of Corollary \4.7\ The dimension of Vp is equal to d + 1, and the dimension of 
TpO{P) is equal to 2. By the previous theorem the map n — m : Vp C^-^ has maxi- 
mal rank equal to dim(Vp) — 2. It follows that there exists coordinates at P in Vp such 
that n — m is a linear projection map. In this coordinate system, the hypersurfaces are 
coordinates hyperplanes, and are thus smooth and transversal. □ 



m 1 r ■ (^'^t 

To simplify notation, we write u := — — 

dt 



for any differentiable map t Uf. 

t=o 



Proof of Theorem \4.6\ It is clear that TpO{P) C ker(Z)pn — Dptn), so pick C, G ker(L'pn — 
Dpm). Proposition 14.31 guarantees that it suffices to prove that there exists r G T{V{P)) 
which is guided by C to conclude. 

Since ^ G Tp Poly^, there exists a holomorphic disc t Pf £ Poly^ with Pq = P and 
such that P = To simplify notation we shall write 

Ci,t := Ci{Pt) and Vn,i,t ■= Pt'{ci,t) for n > 0. 

We shall also let Cj := Cj^O; and Vn,i = Vn,ifl. 

We first define a vector field r G T(V{P)) and then check that it is guided by C- To do 
so we pick a critical point Cj of P and define r on the orbit of q by setting: 

T{vn,i) ■■= Vn,i for any 1 < n < irii . 

Observe that r is well-defined on V{P) since by assumption (1) all critical orbits are 
disjoint, and by assumption (2) P^{ci) ^ P" (q) for all n ^ n' < mi. 

It remains to check that r is guided by Q. A first observation is that T{P{ci)) = C(ci) 
by definition. It is thus only necessary to check the equality 

(18) T = P*T + 7]^ 

on V{P). 

Since C S ker(Z)pn — -Dpm) and Vm^i = Vm^^i, we have 

Vm„i = Dpm ■ C = Dpn ■ C = Vni,i = r{Vn„i) = T{Vm„i)- 

For 1 < n < mi, we have 

T{Vn+l,i) = il^^Q Pt{Vn,i,t) = (Ht^Q Pt)iVn,i) + Dv,^,^P ' Vn,i = CiVn,i) + Dy^^^P ■ T{Vn,i) ■ 

Since the point Vn,i is not a critical point of P, applying (Dy^ .P)~^ gives P*T{vn,i) = 
—i]({vn,i) + T{vn,i) for all n > 1. This concludes the proof. □ 

Remark. Recall that the periodic points contained in the critical orbits of a strictly post- 
critically finite polynomial are repelling. Levin |Lev4j proved recently a similar transver- 
sality result for maps satisfying a weaker expansivity property along their critical orbits. 
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4.5. Transversality at hyperbolic parameters. 

Pick any postcritically finite hyperbolic polynomial P with periodic simple critical points. 
Choose a neighborhood Vp C Poly^^ of P and holomorphic functions cq, . . . , Cd~2 : Vp — C 
such that {co{Q), . . . ,Cii-2{Q)} = C{Q) for all Q £ Vp. For any < i < d — 2, choose 
rui > 1 such that 

Observe that this means the critical point Ci{P) to be a periodic point for P of period 
dividing m-j. We then define the following holomorphic maps c,tn : Vp C Poly^ — > C^"^: 

c(Q) := (co,...,Crf_2) and m(Q) := (Q™o(co), . . . , Q™''-2(cd-2)). 
One can adapt the arguments of the previous section to prove the following. 

Theorem 4.8. Let P G Poly^^ be a hyperbolic postcritically finite with periodic simple 
critical points. Then we have 

kerppc - Dpm) = TpO{P). 
The same proof as for Corollary 14.71 vields 

Corollary 4.9. // P has simple critical points, then the {d — 1) local hypersurfaces {Q € 
Poly^^, Q"^'-{ci) = Ci}, < i < d — 2 are smooth at P and transversal. 

Proof of Theorem \4.8[ The case d = 2 and P{z) = has to be treated separately. In this 
case Q{z) = 62-^^ + biz + bo and c{Q) = — ^ hence Dpc(/io, /ii, /12) = —hi/2. On the 
other hand, for Q = z"^ + bo then m(Q) = Q"(0) = 60 + 0(6^) hence Dpm{0,0, 1) = 1. It 
follows that the linear form Dpc — Dpxn is non zero. Since ker(Dpc — Dpm) D TpO{P) 
and the latter space has dimension 2, we conclude to the equality. 

In the remaining cases we may and shall apply Proposition 14.31 As in the proof of 
Theorem 14. 6 1 we pick Q G ker(Z)pc — Z?pm), and choose a holomorphic disc t ^ Pt £ Polypi 
with Pq = P and such that P = C- Again, we write 

Ci,t := Ci{Pt) and Vn,i,t ■= Pt'{ci,t) for n > 0. 
We shall also let q := Ci^, and Vn,i = Vn,i,o. Recall that for any n > 0, we have the relation 

(19) Vn+l,i = C{Vn,i) + Dy^ ^P ■ Vn,i ■ 

We shall deduce from this equation the following 

Lemma 4.10. For any n, m ^ 0, and for all i,j such that Vn^i — '^mjj we have Vn,i — ^mj- 

Taking this result for granted , we continue with the definition of a vector field on V{P) 
that is guided by C,. Pick any point x G V{P), choose i and n > 1 such that x = Vn,i, and 
define t{x) := Vn,i. The previous lemma shows that r is well-defined at x independently 
on the choice of integers n, i such that x = Vn,i. 

To conclude it remains to check that r is guided by Q. The equality T{P{ci)) = Ci'^i) 
follows from the definition. When x = Vn^i is not a critical point, then applying DxP~^ 
to (fT9]) gives r = P*t + at x. 

When X — Ci IS db critical point, we need to be more careful since D^P = 0. Since x 
is a simple critical point, we may choose coordinates z at q and w at P{ci) such that 
w = Pt{z) = z"^ + t{a + 0{z)) + 0{t^). Since we may follow the critical point for t small, we 
may also suppose that Ci^t{z) = for all t so that Pt{z) = z'^+t{a+0{z'^))+0{t^). As in the 
proof of Lemma HiU we obtain C,{z) = (a + 0(z))^, and i](^{z) = {~-i^ + 0{z))-^. Observe 
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that in our coordinates we have r(ci) = ^l^^gCj^t = 0, and r(P(cj)) = Pt{ci^t) = 

a We may thus extend r locally at q and -P(cj) holomorphically by setting t{z) = 
and t{w) = a. It follows that 

P'ri.) + - = ^ I + (- A + OW) I - = 0(.)| . 

From the discussion after Definition 14.21 it follows that P*T + rj(^ = r at any critical point. 
This concludes the proof. □ 

Proof of Lemma \4-l(^ Fix i for a moment, and to simplify notation write Vk,q,m,c instead 
of Vk,i,qi,mi,Ci respectively. Recall that q is the exact period of vq = c. For any I > 1, 
iterating the assertion (I19p and using the fact that DP'^ is vanishing at all points of the 
cycle and that Vk+q = Vk for all A; > 0, give 

S = C(%-l) + D,:,-^P- CK-2) + . . . + • C(.V(^l-l)g) + D^^.^.^.P' ■ V(l~l)g 

= C(%-i) + D,,,-^P- CK-2) + . . . + P • C(^^a-i)g) 

= CK-l) + D^,-iP- CK-2) + ... + D^,P- C{vo) = Vq 

Since C S ker(L'pc — Dpxn), we also have 

vq = d = Dpc ■ C = Dpm ■C = Vm , 
whence viq = vq for alH > 1 since m is divisible by q. Again by (jl9p we get 

Vlq+l = C{viq) + D^^^P • Vlq = C{vo) + D^^,P ■ Vq = Vl . 

An immediate induction on /c > then proves viq+k = for all / > 0. This proves the 
lemma in the case i = j. 

Assume now that v^^i = Cj for some j ^ i and some k > 1. Observe that q '■= qi = Qj- 
Since P has only simple critical points, we may assume that 1 < A; < g — 1, and k is then 
uniquely determined. By (fT9]) . we get 

Vk+i,i = C{vk,i) + Dvk,rP • Vk,i = C(Cj) = Vl,j ■ 

Again by (fT9]l it follows by induction that Vk+m,i = Vmj for all m> 1. 

Now suppose Vn,i = Vmj- Permuting i and j if necessary we may assume that n = 
k + m + ql for some / > 0, and we have 

Vn,i — Vk-\-m+ql,i ~ '^k+m+q,i ~ Vm+q,j — '^mj j 

which ends the proof. □ 

5. Distribution of strictly postcritically finite parameters. 

The aim of this section is to prove Theorem[TJ Let us first set some notation. For m,n > 
and < i < d — 2, we let 

Peri(m,n) := {(c,a) G &-\ P^,{c{) = , 

Per*(m,n) := |(c, a) G C'^"'^, P^{ci) is periodic iff k > n, with period exactly m — n| 

Obviously Per|(m, n) C Perj(m, n). Given any (d — l)-tuples m = {mo, ... ,171^-2), R = 
(no, . . . , 11(1-2) of non-negative integers, we also set 
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d-2 (i-2 
PCF(m, n) := |^ Perj(mj,nj) and PCF*(m, n) := |^ Per*(?nj, Jij) . 

i=0 i=0 

Observe that any polynomial in PCF(m, n) is post-critically finite. We define 
TPCF(m, n) := {(o, c) G PCF(m, n), Perj(mj,nj) are smooth and transverse at (c, a)} . 
We finally write 

\rn\ = rriQ + . . . + md-2- 
5.1. Transversality in the family Pc,a- 

The next result is crucial to our analysis. It is a direct consequence of Theorem 14.61 

Theorem 5.1. Let rn,n be two {d — l)-tuples of integers such that mj > nj > and let 
(c, a) G PCF(?2T,, n) be such that P^^a ho-s only simple critical points. Suppose 

(1) the orbits of the critical points are disjoint: for any two critical points Ci ^ cj then 
pk{^Ci) / P\cj) for all k,l > 0; 

(2) for each i, P^{ci) is periodic iff n > Ui and its period is then exactly equal to 
nii-Ui. 

Then the {d — 1) hypersurfaces Ferj{mj,nj) are smooth and intersect transversely at the 
point (c, a). 

We rely on 

Proposition 5.2. The set A := {Pc,a G Polypi /{c, a) € C^^^} is smooth subvariety of 
Poly^ of dimension d — 1. Moreover, if Pc,a has simple critical points, then A and 0{Pc^a) 
intersect transversely at Pc,a- 

Proof of Theorem \5.1\ The theorem follows from Corollary 14.71 and the following general 
fact. Suppose we have k coordinate hyperplanes Hi, . . . , Hk in C", and pick any smooth 
subvariety A that is transversal to the intersection Hi n . . . n i/^. Then the hyperplanes 
Hi n A are smooth and have transversal intersections in A. □ 

Proof of Proposition \5.2l Let us parameterize Poly^ by P{z) = ^ fe^z* with (bo, ... , b^) G 
X C*. Then the space A := {Pc,a G Poly^, (c, a) G C^"^} is determined by the equations 

{bd = ^, 6i = 0} and is thus clearly smooth. 

The space TpO{P) is two-dimensional and generated by 



^'-Jt 



d 

P{z + t)-t = Y,ibiz'~^ 
t=o 1 



and 

d 



c - ^ 

^^-Jt 



-P{tz) = Y,{i-l)hz' 



*=1* 2 



Suppose oiCi + 02C2 £ TpK for some ai, 02 G C. Since TpA = {Y^q ft^*, f3d = Pi = 0}, we 
have that {d — 1)026^ = 0, and 01(262) = 0. The degree of P is equal to d, hence 6^/0 
and a2 = 0. Recall that P'{0) = when P G A. When P has only simple critical points, 
then 62/0 and ai = 0. This proves TpO{P) n TpA = (0). □ 
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5.2. Bounds on postcritically finite polynomials in a fixed subvariety. 

Theorem 5.3. Pick any two sequences of {d— l)-tuples (mf^,np.) of non-negative integers 
such that nik^i > n^^i and vrik^i oo for all < i < d — 2. For any proper algebraic 
subvariety V C A^~^, we have 

Card(ynTPCF(mfc,nfc)) = o(dl^fel) . 
Proof of Theorem 15. 3i We shall rely on the next two lemmas. 

Lemma 5.4. Suppose V is any irreducible algebraic subvariety of dimension q in A^~"^, 
and let p be a smooth point in V. Pick a finite set of hyperplanes Hi, . . . , Hfi_i that 
intersect transversely at p in ■ 

Then there exists a finite set I C {1, . . . ,q — l} of cardinality q such that p is an isolated 
point of V Hig/ Hi. 

Lemma 5.5. For any < i < d — 2 and any integer m > n > we have 

deg(P-(Q)-P,':,(Q)) = (i'V 

For any multi- index |/| = q, we decompose into two subsets 

V n TPCFj(mfc, n^) = Fj^k U Z/,fc 

where Fj^^ consists of those isolated points of ^ n TPCFr (m^^, n^.), and Z/ ^ is the union 
of all positive dimensional components oi V Ci TPCFf (m^, n^). Observe that by Bezout's 



Theorem and Lemma 15.51 we have 

(20) Card(F7,fc) < deg{V) J] deg(Peri(mfc,i, nfc,^)) = deg(y) . 

Let Reg(y) be the regular locus of V. It is an open Zariski dense subset of V. By 
Lemma 15.41 for any point p G TPCFfm;., n^,) n Reg(y) one can find a multi-index |/| = q 
such that p G Fj^^. It follows that 

Card(Reg(F)nTPCF(mfc,nfc)) < ^ Card Fj^j, < Yl deg(y) d^^e^ . 

\I\=q \I\=q 

Since y is a proper subvariety, q < d — 1 whence we can find a constant C > only 
depending on V, q and d such that 

Card(Reg(F)nTPCF(mfc,nJ) < C dlmfehmmo<,<d_2 m,,; _ 

The latter bound is o((il— fc') since ?n,fc j — )• oo for all i. 

The result follows by stratifying V = Reg(y)UReg(Sing(y))UReg(Sing(Sing(l/)))U. . ., 
and by applying the preceding bound to each strata. □ 



Proof of Lemma \5.4\ In suitable coordinates Zi at p, we may suppose that Hi = {zi = 0} 
for each i. Since V is smooth, its tangent space at p has dimension q and one of the 
g-forms ioj := dz^ for |/| = q satisfies ujilxpV 7^ 0. Since the kernel of ujj is the tangent 
space of rijHi at p, we conclude that the intersection between V and the i^j's with i £ I 
is transversal. □ 



Proof of Lemma 15.51 An immediate induction shows that 

where Q is a polynomial of degree < d'^^. □ 
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5.3. Lower bound for the number of postcritically finite polynomials. 

We shall prove the following result. 

Theorem 5.6. There exists a positive constant c > depending only on d such that, 
*/ inkk^Rk) '^^6 any two sequences of {d — l)-tuples of non-negative integers such that 
i^k,i > n^^i > 1 and m/^^i — )■ oo for all < i < d — 2, there exists ko > 1 such that 

Card(PCF*(mfc,nfc)) > cS^"^ 

for all k > kf). 

We rely on a deep result of J. Kiwi [K j IBFH] . and follow the exposition of |DFj . Let us 
first introduce some notation. 

Definition 5.7. We denote by S the set of pairs {a, a'} contained in the circle M/Z, such 
that da = da' and a ^ a' . 

Two finite and disjoint subsets 0i, ^2 C M/Z are said to be unlinked if 02 is included in 
a single connected component of (M/Z) \ 9i. 

Definition 5.8. We let Cbo be the set of {d — l)-tuples = {6i, • • • € S'^"-'^ such 

that for all i ^ j, the two pairs 9i and 6j are disjoint and unlinked. 

Proof of Theorem\SM Write ^>d(a) = da on M/Z. By [DFl Theorem 7.18], the subset of 
PCF*(m^., n;.) having only simple critical points is in bijection with the following set 

Cfc := {Q G Cbo, Gi = {oLiiCi'i)-, s.t. for all 1 < i < d— 1, d"aj is <l>d— periodic iff n > n^^i, 

and its period is precisely equal to mk,i — Uk^i} ■ 
We thus need to find a positive constant c > such that 

Card(Cfc) > cdl^fcl 

for all k > kQ. The precise count of is a very delicate issue, but obtaining a lower 
bound is much easier. 

Lemma 5.9. For any m > n > 0, define 

P{m,n) := {a G M/Z, a is — periodic iff n' > n, with period equal to m — n} . 

There exists a constant c > such that for all x £M jTL 



(21) Card^P(m,n)n x, a; + ^ > erf 



for all m > n > 0. 

Proof of Lemma ] 5. 9[ Observe that a point y G M/Z has exactly d'' preimages by and 
that these preimages are equidistributed on M/Z. It follows that 

1 



(22) Card ( $7^?/} n 



> d 



k-3 



for all k > K large enough and for all x and y. 

The number of periodic points of period divisible by m — n is equal to d"^"" — 1. It 
follows from the Mobius inversion formula that the number Per(<I>c;, m — n) of periodic 
points of period equal to m — n can be bounded from below by 

, m-n 

m — n\ , , ^ , ^ d ^ 2 — 1 



Per(ci>,,m-n)= J] ^ (rf - 1) > 



l\{m—n) 



d-1 
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Now any point in this cycle admits {d — 1) preimages that lie in P{m — n,l), and each of 
these points admits > d^'^~^^^^ points in P{m,n) D [x,x + ^] by ([22]) if n > K + 1. In 
this case, we thus get 



Card I P{m, n) n 



> - 1) d" - > 



d4 d-\ J - d'^ \ d-l^ 

at least when m — n > 2. When m — n = 1, observe that one can directly get the bound 
CardP(m, n) > d^~'^{d — 1) d™"". This concludes the proof when n> K + 1. 

When 1 < n < we proceed as follows. Pick any closed segment / C M/Z of 
sufficiently length |/| < 1. Observe that 

d^ - 1 



Card(/ n {a, d'^a = a}) 



\I\ 



< 2 



when A: > 1. This proves 



Card(/n Per($d,m - n)) > — 2^ — — h 2 > c — — 

' ' l<(m~n)/2 ' ' ' ' 

for a suitable constant c > 0. Observe that we can chose c to be arbitrarily close to 1 if 
m > mo ^ 1. Now since ^'^[x,x + d~'^] contains a segment of length at least l/d, for all 
m > iTiQ we conclude that 

Card(P(?n, 7i) n[x,x + d~'^]) > 

Card (Per(<^rf, m - n) H x + d"^]) - Card (Per(<l)rf, m - n) n[x,x + d~'^]) 

> cd"""-^ - + 2 > c' d™-" 



d2 

which concludes the proof in this case too. □ 

Fix for a moment m,n with rrii > rii > 1 for all i, and choose a random point ai in 
P{mi,ni). We have at least cd'"! possibilities. Next choose a point in 02 G Pi'm2,n2) in 
such a way that a2 ^ oi in the standard orientation of M/Z and 

1 1 

ai + - < 02 < + 



d d-l 

By ([2T|) . we have at least cd^'^ possibilities. We continue inductively constructing Oj+i € 
P(mj+i,nj+i) such that aj+i > aj and 

1 1 

Oj + ^ < "j+i < "j + j—[ ■ 

We again have at least at least cd'^^+^ possibilities. We end up with at least c^~^d^—^ 
possible {d — l)-tuples (ai, . . . , a^-i) such that Qj E P{mi,ni) for all i. 

To any (ai, . . . , ad-i) as above we let 6i = {ai,ai + ^}. Observe that, by construction, 
we have \ai — aj\ > ^ for all 1 < i 7^ j < d — 1. Hence the {d — 1) pairs 61, ... , 9d-i are 
unlinked. 

Applying this construction to ELk^ILk implies Card(Cfc) > c^~^ d^—''-^ as required. □ 
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5.4. Counting postcritically finite polynomials with critical relations. 

Theorem 5.10. Pick any two sequences of {d—1) -tuples {rrikylkk) of non-negative integers 

such that rrik i > ni^ i > and mi;, j — j — t- oo for all < i < d — 2. 

(23) 

Card({(c,a)GPCF*(mfc,nfc), Pi,,(Q) = Pi;,(c,)/ori/j andl,l'>0}) = o{S^>'\) . 

Proof of Theorem \5.1(A Suppose that there exists a critical relation Pl:^{ci) = Pcai^j) fo'^ 
some i 7^ j and some integers 1,1' > 0. Since q and Cj are eventually mapped to the same 
cycle after n^^j and ,,■ iterates respectively, the minimal integer h (resp. h') such that 
Pcai^i) (resp. Pc'aicj)) belongs to the orbit of Cj (resp. of q) is less than n^^j (resp. than 
n^ j). Permuting i and j if necessary we may assume that P^'\P^'^{cj)) = P^g^{ci) for 
some /i" less than half the period of the cycle attracting Cj and Cj. Summarizing, we may 
assume that I < n/^^i and /' < n^j + !!!M_!1M, 

Lemma 5.11. Pick any two sequences of {d — l)-tuples (mf^,np.) of non-negative integers 
such that mk^i > n^^i and nri^j — ?■ oo for all < i < d — 2. 

Card ({(c, a) G PCFfm^, n^), some critical point is degenerate}) = o((il— ^l) . 

We may thus restrict our attention to parameters having only simple critical points. 

As in the previous Section |DFl Theorem 7.18] applies. The subset of PCF*(m^,n^) 
with only simple critical points, and such that -Pc,a(cj) = Pc,ai'^j) bijection with a 
subset of 

Ckii,j,l,l') := {e G Cbo, 9h = iah,a'f,), d""^-'^ah = d^'''^ah, for all h / j 

and d^'Oj = SOi] . 

For any {i,j,l,l'), the set Cfc(i,j, /,/') has cardinality at most 
(24) d'^~^ d'-' < (]\iRk\-^k,3+l'+d-i 

Denote by C{k) the right hand side of (j23p . Then our discussion shows that 
Cik) < E E E Card(Q(i,j, /,/')) 



rriu A—n 



< d'^-U^^^^ \^nk,imk,jd V^j =o{d\^k\) 

since by assumption mk,i — nt^i — )• oo. □ 

Proof of Lemma \5.11[ A critical point q of Pc,a is degenerate when ordc. (Pc,a) > 3. This 
is equivalent to having a = Cj for some i ^ j, whence 

{(c, a) G PCF(m;j, n;.), some critical point is degenerate} = [^{q = cj} H PCF(m^,n;j) . 

Since PCF(m^,n^) n {q = cj} = {q = cj} n r\h^iPerfi{mk^h,nk,h), Bezout's theorem 
implies 



Card(PCF(mfc,nJ n {a = cj}) < d^^^^-^^,^ < dl^^l-^^^o 



<l<d-2 ^k,l 
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SO that 

Card ({(c, a) E PCF(m;.,n^), some critical point is degenerate}) < C S— 
with C = Card({(z, j), i / j}. Since nik^i — )■ oo for all i, the result follows. 

5.5. Proof of Theorem [H 



-mini "ifc i 



□ 



We rely on the following key 

Lemma 5.12. Pick any two sequences of {d — l)-tuples {rn^,ny.) of non-negative integers 
such that nik^i > nk,i and m^^i — n^^i — )• oo for all < i < d — 2. For any proper algebraic 
subvariety V C A1~"^, we have 



lim 



Card(y nPCF*(mfc,nfc)) 



. 



Let ruf, = {rukfi 
to Zk := PCF*(m^.,n 



Card(PCF*(mfc,n;^)) 

, and = (rifc ■ ■ ■ , n-k,d-2)- We want to apply Theorem l3.3l 

^) and the metrics induced by Gy on 0(1) ^ Pc~^ foi' each place 



V E Mq. By Theorem 13.11 these metrics induce a semipositive adelic metric. 

Note that a postcritically finite polynomial that is not strictly postcritically finite admits 
a periodic critical point. It follows that PCF* (m^,n^.) are all defined by equations defined 
over Q. It is also clear that /ibif(-^fc) = for each k. It is however not true that is 
generic. To get around this problem, we proceed as follows. 

First we enumerate all irreducible hypersurfaces {Z)q}qgN of A^~^ that are defined over 
Q. Fix e > 0. We shall construct a sequence of sets Z'j. ^ C Z^ such that: 

(1) Card(Z[. J > (1 - e) Card(Zfc) for aU k; 



(2) Z' ^ is Ga: 



-invariant; 



(3) for any q, Z'f^ ^Ci Dg = ^ for all k > K{q) large enough. 

Suppose for a moment that we have found such a sequence. The last condition implies 
Z'^^ to be generic. By Theorem 13.31 we conclude that 



1 



Card(Z' ) ^ 



y 6,^idd'Gr 



^bif 



Now pick any continuous function if with compact support on ^. Then 



< 



+ 



The second term in the sum tends to as /c — )• 00. The first one can be bounded from 
above as follows: 



ipHk - / (ffJ-k 



< 



\^Card(Z^J Card(Zfc 
< 2e sup \ ip\ . 



This shows that 



lim sup 



ipfik- fj-hif 



< 2e sup \ip\ 
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for all e > 0. Letting e — t- we get that J 99 /i^ — t- J (/J/Xbif > and this concludes the proof. 

We are thus left with the construction of the sequence Z'^,^. To do so we proceed as 
follows. By Lemma [5.121 for all k > ki we have Card(£'i n Zj.) < |Card(Zfc). We set 
zj^^ = Zk if k < ki, and Z^^ := Z^ \ [Z^ H Di) if /c > ki. Observe that by construction 

Card(Z^^^) > (1 - I) Card(Zfe) for all k, and Z^^^ are all Gal(Q/Q)-invariant since Di is 
defined over Q. 

Next we find ^2 > ki such that Card(D2 H Zk) < | Card(Zfc) for all k > k2. And we 

set ^ = Zj^^ ifk< k2, and ^ := zj}^ \ (zf ^ n D2) if k > /cg. Here again ^ are ah 

Gal(Q/Q)-invariant, and we have Card(zf ^) > (1 - |)(1 - |) Card(Zfc) for all k. 

Recursively we find kj > kj^i such that Card(L'j n Z^) < 2jTt Card(Zfc) for all k > kj. 

And we set Z^^^ = Z^^"^^ if k < kj, and Z^^^ := Z^^'"^^ \ (Z^^"^^ n Dj) if k > kj. These 

are Gal(Q/Q)-invariant finite sets such that Card(z|-'^) > ni<Kj(-'- ~ 23Tt) Card(Zfc) for 
allfc. 

We set Z'p, ^ := Z^^^ for all k < kj. This definition is coherent since zj^^^ = zj^ ^ for all 
k < m.in{kj,kj/}. The sets ^ are Gal(Q/Q)-invariant since all zj^^ are. We have 

Card(4) > n (1 - ^) Card(Zfe) > (1 - e) Card(Zfc) 

for all k. Finally, pick any integer q > I. Then for k > kqwe have Z'f^ ^Dq C Z^^^nDg = 0. 
This completes the construction of the sequence ^. 

Proof of Lemma \5. ISX Theorem 15.61 implies Card(PCF*(m^, 

)) > cd\^k\ for some posi- 
tive c > 0. On the other hand, Theorem 15.31 implies Card {V n TPCF(m^, n^)) = o[S—k\). 
By Theorem 15. 11 the complement of TPCF(m;j, n^) in PCF*(m;.,n^) is included in the set 
where a critical relation appears, whose cardinality is o{d!'—k\) by Theorem 15.101 Whence 

Card(FnPCF*(m;,.,nfc)) < Card n TPCF(mfc, n^)) 

+ Card(PCF*(m„n,)\TPCF(m„n,)) = o(dl^^l) , 

which concludes the proof. □ 

Remark. One can ask whether the assumptions j > n^^j > and m^^j — Uk^i — )• 
00 can be weakened to mk^i > Uk^i > and nik^i — ?• 00. Removing these assumptions 
would probably require the notion of Hubbard trees which classify postcritically finite 
polynomials up to conjugacy, see [P]. 

6. Distribution of hyperbolic parameters. 

We aim at proving Theorem [3] from the introduction. To that end, we first use Yuan's 
result to prove Theorem [2] from which it is not difficult to deduce Theorem [3] in the case 
all multipliers are equal to 0. Then we extend it to arbitrary multipliers of norm < 1 
using a paramaterization of hyperbolic components of the interior of the connectedness 
locus by the multipliers of the attracting cycles and Briend-Duval's length-area estimate 
for holomorphic disks (see |BD21 Appendix]). 
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6.1. Equidistribution of centers of hyperbolic components. 

To simplify notation, we denote by Per*(m) (resp. Perj(m)) the set of polynomials Pc,a 
such that Cj is a periodic point of period exactly (resp. divisible by) m. Finally for any 
{d — l)-tuple m = (mo, . . . , md-2), we also set 

d-2 d-2 
Per(7TT,) := Perj(mj) and Per*(m) := ^ Per*(mi) . 

i=0 i=0 

We begin with proving Theorem [2] from the introduction. We follow exactly the same 
approach as for proving Theorem [T] 

First we have the following transversality result. 

Theorem 6.1. Letm he any {d—l)-tuple of integers such that mj > for all < j < d—2. 
Let (c, a) € Per(m) be such that Pc^a has only simple critical points. Then the {d — 1) 
hypersurfaces Perj(mj) are smooth and intersect transversely (c, a). 

Proof of Theorem \6.1[ The proof is similar to the one of Theorem 15. H replacing Corol- 
lary g^l by Corollary gj) □ 

Next we estimate the proportion of points of Per*(m^) lying in a fixed proper subvariety. 

Theorem 6.2. Pick any sequence of {d—\) -tuples (mk) of non-negative integers such that 
rukj — 5- 00 for all < j < d — 2 and ruk^i 7^ rukj for all i ^ j. For any proper algebraic 
subvariety V C A^~^, we have 

Card (yn Per* (m.)) 
lim ^ ^ Q ^ 

fc-i-oo Card(Per*(m^)) 

Proof of Theorem 1 6. S\ Since mt^i 7^ "ifc,j for all i ^ j, any point in Per*(m;.) has {d — 1) 
critical points, and these critical points are necessarily simple. Theorem l6.1l thus applies for 
each point in Perfm^.). In particular, it applies to any point in Per*(mfc), and Lemmas 15.41 
and 15.51 show that 

Card(y nPer*(mfc)) < ^ deg(y)d^»6^'"'='^ 

1^1=9 

just as in the proof of Theorem 15.31 To estimate Card(Per*(m^.)) from below, we rely on 
Lemma 6.3. For all m > 1, 

deg(Per*(?n)) > (1 - d-^)d"' . 



By Theorem 16.11 the {d — 1) hypersurfaces {Per*(mfc j)}o<i<d_2 intersect transversely 
at any point of the finite set Per*(m^). According to Lemma [6.31 Bezout's Theorem gives 

d-2 

Card(Per*(mfc)) > JJ deg(Per*(mfc,i)) > (1 - d~Y~^d^-'^ > 
i=0 

which ends the proof. □ 
Proof of Lemma \6.S[ Since Peri(m) = X^;|„^ Fer*{l), the Mobius inversion formula implies 

deg(Per*(m)) = ^/.(y) Per,(/) . 

l\m 
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It follows that 

deg(Per*(m)) > d'" - ^ > {1 - (i"^) , 

l<m./2 

as required. □ 

Proof of Theorem\^ Observe that each hypersurface Per|(?7T,fc^j) is defined over Q, since 
Perj(m) = S;|mP^^i(0- It follows that Per*(mfc) is Gal(Q/Q)-invariant. For any point 
(c, a) in this set the critical points have a finite orbit, hence G(c, a) = and ^bif(c, a) = 0. 
We may thus apply Theorem 13.31 to the adelic metrized bundle given by Theorem 13.11 and 
the set Z'y. := Per*(m^). This sequence of finite sets is not generic but Theorem 16.21 allows 
one to copy the proof we used for Theorem [J to conclude. □ 

As a corollary, we can prove Theorem [3] in the case when wq = ■ ■ ■ = Wd~2 = 0. 

Corollary 6.4. For all < i < d — 2, choose a sequence of integers rrik^i s.t. rrij^^i — ?• oo 
as k —7- oo. Assume in addition that nik^i ^ i^kj for all k and all i i= j- Consider 
the probability measure /x^ that is uniformly distributed over all parameters (c, a) G C^^"*^ 
admitting [d — 1) super- attracting periodic orbits of length mk,i, ■ ■ ■ , mk^d-i respectively. 
Then the measures converge in the weak sense to /.tbif as k ^ oo. 

Proof. For any permutation a £ &d-i, denote by fia,k the probability measure equidis- 
tributed on 0^=0 We observe that the support of these measures are disjoint 

for any two distinct permutations, and that {d — 1)! /i'^' = X^g-g©^ ^ ^o-,A:- By Theorem [21 
IJ'a,k /Wbif for any a, hence /x';,' /^bif- □ 

Remark. Theorem 16.11 shows that the cardinality of the support of fi'^ is equivalent to 
{d — l) \ dl— fel when k ^ oo. 



6.2. The algebraic varieties Fer* {n,w). 

In this section, we explain how to parameterize the set of polynomials P £ Poly^; possessing 
a cycle with a given multiplier and period following [Sj and |BB31 §2.1]. 

Theorem 6.5. For any n > 1 there exists a polynomial function g„ : Poly^ xC — > C 
such that : 

(1) For any w £ C \ {1}, qn{P,w) = if and only if P has a cycle of exact period n 
and of multiplier w; 

(2) qn{P, 1) = if and only if P has a cycle of period n and multiplier 1 or P has a 
cycle of period m and multiplier a r-th primitive root of unity with n = mr. 

Sketch of proof. Define 

<^n{P,z) := P^{z)-z, and <I>:(P,z) := [] $z(P, z)^(t) . 

l\n 

Then for all P G Poly^, the roots of ^Ji(-P, •) are either simple roots at the n-periodic 
points of P, or multiple roots at the periodic points of P with exact period m dividing n 
and multiplier w satisfying w"^ = 1 for r = n/m > 2. 

According to (HI Theorem 2.3.4 and Proposition 2.3.5], see also [S] Chapter 4], is a 
polynomial function on Poly^ xC such that 

Ud{n) := deg,($;) ~ d", and /.^(n) := degp(<I':) ~ (d- 1)-^^" . 
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The projection map vr : (<I>*)~^(0) — ?• Poly^ is a proper ramified cover of degree For 
any polynomial function H : Poly^^ xC — )■ C, and for any symmetric function ai on fd(n) 
symbols, the following function Ti{H) : Poly^ — ?• C defined by 

T,{H){P) :=a,(i^(Pi),...,i/(P,^(„))) 

is polynomial where ■k^^{P) = {H (Pi) , . . . , H {Pj^^(^n))} possibly with repetitions. This 
follows for instance from the next lemma, whose proof is left to the reader. 

Lemma 6.6. Let A{T) = oq + aiT + . . . + OfcT^ and B{T) = ho + hiT + ... + kP'- be two 
complex polynomials of degree k and I respectively. Denote by ai, . . . ,Qfc the roots of A 
possibly with repetitions. For any symmetric function ai of degree i on k symbols, one can 
write ai{B{ai), . . . , B{ak)) as a polynomial in the coefficients of B and in the aj/ak 's. 

Define 

rn{P,w) := ^ T,((P")')(-u;)^'*(")-^ . 
i=0 

For a fixed G C, we have rn{P, w) = if and only if there exists a point {P, z) G {$* = 0} 
such that (P")'(z) = w. Since the multiplier is constant on any point in the same periodic 
orbit, it follows that for any fixed P, the polynomial r„(P, w) has all its root of multiplicity 
n. Whence there exists a unique polynomial function g„ : Poly,^ xC — )■ C such that 

qn{P,wT = rn{P,w) . 

Properties (1) and (2) now follow from the definition. □ 

By setting pn{c,a,w) := qn{Pc,a-,w) and using Lemma lOj we get 

Corollary 6.7. For any n > 1 there exists a polynomial function pn ■ C^~^ x C — > C 
such that : 

(1) For any w & C \ {1}, Pn{a, c,w) =0 if and only if Pc^a has a cycle of exact period 
n and of multiplier w; 

(2) pn{a,c, 1) = if and only if Pc^a has a cycle of period n and multiplier 1 or Pc^a 
has a cycle of period m and multiplier a r-th primitive root of unity with n = mr; 

(3) Main) := deg(,,,) 0) > d-\d-l)U^. 

Proof. It only remains to prove (3). Since {pn{-,0) = 0} = (Jj Per*(n) and since, by 
Lemma [TTT] and Proposition [L2l the Per*(n) intersect properly, we see that deg(p„(-,0)) > 
deg(Per*(n)) and Lemma lOl ends the proof. □ 

For n > 1 and w £ C we set 

Per*(n,w) := {(c,a) G C^'S Pn{c,a,w) = 0} . 

When w := [wq, . . . , ^^-2) G B"^"-^ and m = (mo, . . . , mfi-2) satisfy mj 7^ mi for all 
i ^ j, any parameter in the intersection of the hypersurfaces Per*{mj,Wj) has all its 
critical points in the filled-in Julia set. The intersection PIq^^-^^ ^ P6r*(mj, tfj) is thus a 
compact algebraic set, i.e. a finite set we denote by 

d-2 

Pev*{m,w) := ^Pei[*{mj,Wj) . 
j=0 
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Remark. Observe that Per*(m) 7^ Per*(m, 0). The set Per*(m) is the set of polynomials 
for which the critical point q is periodic of period exactly nii for each < i < d — 2, 
whereas Per*(m, 0) is the set of polynomials for which for each < i < d — 2 there exists 
a critical point Cj. that is periodic of period exactly equal to m^. 

6.3. Parameterizing hyperbolic components with (d — 1) attracting cycles. 

Pick no, . . . ,nd-2 £ N* such that rn 7^ rij if i 7^ j, and consider a connected component 
T-L C C^"^ of the set of (c, a) G C^"^ such that Pc,a admits (d — 1) distinct attracting 
periodic orbits of exact periods no, • • • ,?^d-2 respectively. Recall that H is open. 

Observe that all critical points of Pc,a £ are attracted to one and only one attracting 
orbit, and thus are simple. For each i, we let Wi{c, a) G D be the multiplier of the attracting 
periodic orbit that has exact period In this way we get a holomorphic map 

>V(c, a) := {wi){c,a), . . . ,Wd-2{c,a)) . 

Following closely [BB2I § 2], we shall prove 

Theorem 6.8. The map W : % — > D'^"^ is a biholomorphism. 

Proof. Since D"^"^ is simply connected it is sufficient to prove that W is proper and locally 
invertible. 

We first prove that W is proper by contradiction. Suppose there exists a sequence 
(cfc,afc) G 7i converging to dTi such that 

>V(cfc,afc) = {wo{ck,ak), . . . ,Wd-2{ck,ak)) (w'Coo, • • • , G ^'^''^ ■ 

Since "H is bounded, we may assume that (c^, a^) — )■ (cqo, floo)- 

Lemma 6.9. Suppose P{z) = wz + J22<i<D ^ polynomial map fixing the origin 

with \ w\ < 1. Then for any r < l^}/^ 7il" i i ? one has 

P(D(0,r)) C O{0,^/\^\r) . 

Proof. If M = max{|ai|}, then \P{z) —wz\ < D M\z\'^ for any \z\ < 1. For any \z\ < r, we 
get < \w\r + D Mr'^ < \w\^/'^r as soon as \w\ + DMr < \w\^^'^. □ 

For each < i < d — 2, pick Xi^k a point in the attracting periodic orbit for Pc^^a^, which 
period is n^. For each k, the orbit of Xi^k attracts a unique critical point Ci^k '■= Cji k {Pc^^a,,)- 
Extracting further, we may assume that ji^k = ji doesn't depend on k. Since the period 
is fixed equal to n^ for all k, the preceding lemma implies the existence of a fixed radius 
r > and a fixed positive constant e > such that P^*^„^(]D)(xj^fe, r)) C B(xj^fc, (1 — e)r) 
for all k. Since the cycles {-P™,afc(^j,fc)}"i>o and {-P™,aj. (^j,fc)}m>o are disjoint, it follows 

that mmm,m'>o,i^j l^c^a^ (a^i.fc) - P!^',aA^j,k)\ > r. 

Extracting further if necessary we may also assume that Xi^k is converging to a periodic 
point Xj^oo of Pcoc,acc- The previous estimate shows that Xj^oo is attracting, and further 
that these {d — 1) cycles are distinct. We conclude that Pcoo,aoo is hyperbolic. Since the 
space of hyperbolic maps is open, this would imply Pcac,aoc ^ ^1 which is a contradiction. 

Next we show that W is locally invertible. Choose any base point (co, ao) G H, and pick 
any e > small enough such that >V(co, ao) = {wq, . . . , Wd-2) lies in the open polydisk of 
center and radius 1 — e. We shall first construct a continuous map 

a : B(0, 1 - e)'^-^ H 
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such that W o cr = id using quasi-conformal surgery. We only sketch the construction 
referring to \CG\ Theorem VIII. 2.1] for detail. 

The polynomial Pco,ao has {d — 1) distinct attracting cycles. We let Ui^i, . . . , Un^^i be 
the immediate basin of attraction of these cycles indexed byl<i<ci — 1 such that the 
unique critical point Cj. attracted to this cycle belongs to Ui^i. Since it is a simple critical 
point, there exists a conformal map : C/i^j — ?• D such that 



For any A = (Aq, . . . , Xd-2) G 1^(0, 1 — e)*^ ^, we construct a smooth map Px by setting 
Px := Pco,ao outside the union of all Uj^i, and such that ip o P^^ o ^p~^[C,) = Q on a 

fixed disk |C| < 1 — r containing the critical point of the latter Blashke product. Details 
of the construction can be found in op. cit. In particular, one can see that Px depends 
continuously on the parameter. 

We now solve the Beltrami equation for the unique Beltrami form which is on the 
complement the Uj/s and invariant under Px- In this way we get a quasiconformal homeo- 
morphism : C — )• C such that il^x{z) = z + o(l) at infinity, and Px := ipxo Pxo ipx^ is 
holomorphic. At infinity, we see that Pxiz) = iz^ + 0(z'^-i). 

At this point we have constructed a continuous map D(0, 1 — e)'^"^ — )■ Poly^, A 1— )• Px 
such that P^ = Pco,ao aiid Px admits {d— 1) attracting periodic cycles of exact period mi 
and multiplier Aj respectively. 

Let us now prove that W is locally invertible in a neighborhood of (co,ao). Since is 
a simple critical point, we may find a holomorphic map c : U ^ C defined on an open 
set U C Poly^ containing (co,ao) and satisfying c(co,ao) = and P'(c(P)) = for all 
P £ U. We then set a{X) := Px(- + c(Pa)) — c(Pa). In this way we get a polynomial of 
degree d with dominant term equal to ^ and having as a critical point. Since any such 
polynomial is equal to some Pc^a for a unique (c, a) E C^~^ we thus get a continuous map 
defined in a neighborhood of (co,ao) and such that W o o" = id. The next lemma applied 
to (/> := W and if := a implies W to be locally invertible at (cq, ao) as required. □ 

Lemma 6.10. Let cj) : (C",0) — )■ (C",0) be a germ of holomorphic map such that (j)~^{0) = 
(0). Suppose that there exists a germ of continuous map ip : (C",0) — )• (C"',0) such that 
(j)o if = id. 

Then ip is holomorphic and (j) is locally invertible at 0. 

Proof of Lemma \6.1(A Since (/>~^(0) = (0) there exist open sets U,V containing such 
that (/>:[/— 7- y is a finite branched cover, and (p is defined over V . The critical values of 
(j) define a hypersurface H C V. The holomorphic inverse mapping theorem shows that (p 
is holomorphic at any point in V \ H. Since it is continuous, it extends holomorphically 
through H. The differential of (j) and (p are thus both invertible at and the result 
follows. □ 

Remark. We could also have used transversality arguments of Epstein [E] to get the local 
invertibility of the map W (see also Levin |Lev3j ) . This alternative approach actually 

proves that the map W extends as a homeomorphism W : H — ?■ B ^ . 



V9oP"> o(/?-i(C) 



C 



C + Wj 
1 + WiC 



for any |C| < 1 . 
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6.4. Proof of Theorem \3[ 

Let now pick any w := {wq, ■ ■ ■ , Wd-2) G D'^"^ and any sequence m^, of {d — l)-tuples with 
rrifc^j —7- 00 for all i and j ^ i^kj for ^ 7^ J- We want to prove fi'^ — > ^bifj where 
n'l is the probability measure that is uniformly distributed over the set Per*(m^, w). We 
write w[0] := (0, . . . , 0) and for any 1 < j < d — 1, we set 

m.[j] ■= {wo,...,wj-i,o,...,o) . 

We denote by fikj the measure that is uniformly distributed on Per*(m;j, By Corol- 

lary [631 we know that fi^fl A^bif- To conclude it is thus sufficient to prove that for any 
< j < d — 2, we have 

(25) ^J'k,j+l - fJ'kj — > . 

Let us now fix < j < d — 2. If Wj = 0, we have Hkj+i = f^kj and the proof is finished. 
We thus assume that wj G B \ {0}. For any k, we consider the algebraic subvariety 

Cfcj := n PeT*{7nk,h,Wh) n Q Per*(mfc,/, 0) . 
h<j i>j 

Observe that Ckj H Per*(mfcj,0) is finite, hence Ckj is an algebraic curve. Observe also 
that the (d — 1) hypersurfaces Per*(mfc,/i, w^) for < /i < j — 1 (resp. < /i < j) and 
Per*(mfc^i, 0) otherwise intersect transversally. Indeed any point in the intersection belongs 
to a hyperbolic component Ti for which Theorem 16. 81 applies. The transversality statement 
then follows since the images of the hypersurfaces Vex* [mk^h^Wh) and Per*(mfc^j,0) under 
W are coordinate hyperplanes. 

Pick any point (c, a) G Per*(m^, and let % be the hyperbolic component contain- 

ing (c, a). Using Theorem 16.81 we define (^c,a : ©(O, \wj\-'^/'^) n hy setting 

4>c,a{t) := W~^{wo, . . . ,Wj-i,tWj,0, ... 0) . 

By construction, the disk Dc,a := 4'c,a0^iO,\wj\~^^'^)) is included in 7^ n Ckj, 4>c,a{0) = 
{c,a) and (/'c,a(l) belongs to Per*(m;., -|- 1]). Any hyperbolic component contains a 
unique point in Per*(m^,2i;[j]), hence the collection of disks Dc,a is disjoint. Note also 
that any point in Per*(mfc, -|- 1]) belongs to a hyperbolic component, and thus is equal 
to (/>c,a(l) for a unique (c, a) S Per*(m^, u;[j]). 

We conclude from these two discussions that one can count precisely the cardinality of 
the set Vex* [rnj^^w\j\) for all j. First remark that we have proved 

Card(Per*(mfc, -|- 1])) = Card(Per*(m^, ?i;[j])). 

Using Bezout's theorem, Corollarv 16.71 and an induction on j we find 

Card(Per*(mfc,2^[j + 1])) = Card(Per*(m;^, u;[0])) = \{Md{mk,i) . 

I 

Since deg(Per*(mfcj, 0)) = Mj.i'fnkj) and C^j n Per*(mfcj, 0) = Per*(m;., uj[j]) this gives 
deg(Cfcj) = Yli^^j M(i{mk^i) from which we infer 

^^g^ Card(Per-(^„^b- + l])) ^ ^ , ^ _ ^. ^ ^ 

We fix any kahler form oj on P"^"! normalized so that J uj'^~^ = 1. Recall that the 
area of any holomorphic curve C C is defined by Area(C) := j^jUi which is equal to 
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deg(C) when C is algebraic. We thus have 

(27) Area(Dc,a) < deg{Ck,j) • 

Choose e > sufficiently small. Denote by Bk the set of (c, a) S Per*(m^, such that 
Area(Dc,a) < . Then by ([26]) there exists 



Card(Sfc) > Card(Per*(mfc,7i;[i])) 



deg(Cfe,i 



>{l-e) Card(Per*(mfc,u;[j])) 



if k is large enough. We now rely on the following length-area estimate. 

Lemma 6.11 ( |BD2j ). There exists c > 0, such that for any holomorphic disks Di d 



D2 C 



■ C ' 



fA- m / Areapz) 
(diam(L'i)) < c • 



min(l, mod(j4)) ' 
where A is the annulus D2 \ Di . 

For each disk Dc,a G Bk we conclude that 

C^^(0c,a(l),0c,a(O)) < Ke 

with if := -y/c/min{l, log luijl^"*^/^}, where d^j denotes the distance computed with respect 
to the kahler form lo. We conclude the proof in the following way. Let (p : C^"^ — > M 
be a smooth function with compact support and write := Card(Fer* (nif., w[j])) = 
Card(Per*(m,;., w[j + 1])) to simplify notation. Then we have 



1 



^- H ^ 

Pcr*(m^,«;[j+l]) Per* (mj. 



1 



< 



< 



J2 l'/'('^-.«(l)) - vi4>cA0))\ + ^ (2sup \^\eNk) 



Ni 



■(|(^|cieiVfc) + 2sup|(^|e < 3e|(^|ci • 



Since e can be chosen arbitrarily small, we have /ifcj+i — — ^ 0, as required. 
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